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Abstract. We investigate a nonsymmetric Nash-Riccati equation. The stabilising
solution of the nonsymmetric Nash-Riccati equation is applied for computing the
equilibrium point in linear quadratic games for positive systems. We consider a de-
coupled modification of the linearized Newton method for computing the stabilizing
solution. We provide numerical experiments with the new iteration and compare the
results with the classical linearized Newton method.
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1 Introduction

We investigate the nonsymmetric matrix Riccati equation in the special form:

R(X)=-DX -XA+XSX —-Q = 0. (1)
. X1\ . . . .
The unknown matrix X = P% is not square. For this reason the matrix coefficients
2

: , o . . AT 0
have different dimensions, i.e. they are : (—A) is an n x n M-matrix, D = ( >,

0 AT
S = (S1 S3) where S; = B; Ri_i1 BZ»T is an n X n symmetric nonpositive matrix, i = 1,2,
Q= ( gl > and @; is an n X n symmetric nonnegative matrix.
2
. . . . R1(X1, X2)
We rewrite the matrix function SR(X’) in the form R(X) = , where
Ra(X1, X2)

Ri(X1, Xp) = —ATX) — X1 A+ X151 X1 + X19Xo — Q1
RQ(Xl, Xg) = —ATX2 — XoA + X951X1 + X959 X9 — Qs .
The equation S(X) = 0 is equivalent to the set of Riccati equations R1(X1, X2) =0,
RQ(Xl,XQ) = 0.
The notation R**? stands for s X ¢ real matrices. In this investigation we exploit the

properties of nonnegative matrices. A matrix A = (a;;) € R™*" is a nonnegative matrix
if the inequalities a;; > 0 are satisfied for all 1 <7 < m and 1 < j < n. We use an
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elementwise order relation. The inequality P > Q(P > Q) for P = (p;;),Q = (¢ij) means
that p;; > qij(pi; > ¢i;) for all indexes i and j. A matrix A = (a;;) € R™*" is said to be
a Z-matrix if it has nonpositive off-diagonal entries. Any Z-matrix A can be written in the
form A = ol — N with N being a nonnegative matrix. Each M-matrix is a Z-matrix with
if @ > p(N), where p(N) is the spectral radius of N. It is called a nonsingular M-matrix if
a > p(N) and a singular M-matrix if o = p(N).

The computation of the minimal nonnegative solution to (??) with a nonsingular M-
matrix is a popular subject in recent years. Several methods from the family of linearized
implicit iterations were proposed and investigated in [1I 2], [5].

In [3], authors have proposed the following Alternately Linearized Implicit Decoupled
Iteration (ALIDI) for computing the stabilizing solution of :

Yi(k)(uInJrA—Slek)—SzXék)) (ul — AT) -Qi, i=1,2 (2)

(L + AT —YPs)x®ED =y B (ur - A+ 5xF) — Qi ij=12 40, (3)

xW=xO =0, k=012..,v<0.

The convergence properties of — are derived in [3]. The following theorem is proved.

Theorem 1. (Theorem 2,[3]) Assume the matrix -A is an M-matrix and Q@ > 0,5 <
0,v < 0, such that (—y — A) is an M-matrix and (v — A) is nonpositive. Assume there
exist symmetric nonnegative matrices Xl, Xg, such that Ri(f(l, Xz) >0,i=1,2and —A+
S$1 X1 + Sp X5 is an M-matrix. The matrix sequences {ka),X{k)}iozo defined by —
satisfy the following properties:

i) X, >xFV>y® > x®iori=12 k=01,

G R xY) <00 R Y <0, R xET) <o,
i=1,2, k=0,1,....

(iii) The matrix sequences {X; k) k)} w2, converge to the nonnegative minimal solu-
tion X1, X5 to the set of Riccati equatlons Ri1(X1,X2)) =0,Re(X1, X2)) = 0 with X, < X;
and the matrix A — S X; — S5 X5 is asymptotically stable.

Here, we slightly modify the above iteration. The modification is based on the trans-
formation pl, + A — ;X" — §; X = L — UM i j=1,2,j#1i, k=0,1,2,..., where

7
LZ(-k) is the lower triangular part of the given matrix and U, i(k) is the strictly upper triangular
part. We call it Decoupled Iteration 1 (DI1). It has the form:

Y LE = (ur - AT X + xPul - @i, (4)

1

(o + ATXY =Y (a1 — A+ 57"+ 5,79) — @i, (5)

i,j:1,2,j7éiXi(0):()7i:1’2 k=01,2,..., u<0.
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2 Convergence properties (4))-(5])

We derive some properties and identities of the matrix functions Ri(.), Ra(.).

Lemma 1 We construct the matriz sequences {Xi(k),Y;(k)}ZO:O using —(@ with initial
values Xi(o) =0,i=1,2. The following properties hold (i,j =1,2,5 #1):

(1) Rixi®, 0y = v - xI)L®,

(i) Ri(vi®,v%®) = (ur, — AT + vV s) v - x*) + (v - xPo®

k k k
+ 057 - x),

(iil) Ry(V1 W, o) = (I, + AT) (XD — v,

(iv) Ri(Xl(k—&-l),XQ(k—i-l)) _ (Xi(k-i-l) _ Y;;(k))(ujn A Si}/;(k) n Sjyj(k))

k+1 k+1 k k+1 k+1 k
+ XY S (XY vy g x5 (x E Y v ).

In addition, the following equalities are true for any nonnegative matrices X1, Xo:

Ri(%1, %) = (" = X)L + (uh, — AT + X:8) (%; — xP)

)

(v) X
+HXi = XY UM + Xi85(%; - x ),

Ri(X1, Xo) = (ul, + AT) (X[ - %)
(vi) +( X~ V) (ul - A+ 57 1 5,7 )
+Xi8i( X — v )+ Xy (X5 - v M)

Proof. The proof is completed by a direct calculation.
The following theorem is true. We accept it without a proof. The proof repeats similar
proofs such as Theorem 2,[3].

Theorem 2 Assume the matriz —A is an M-matriz and Q; > 0,i = 1,2, and S; < 0,1 =
1,2, u <0, such that (—pl — A) is an M-matriz and pl — A is monpositive. Assume there
emst nonnegative matrices Xl,Xg, such that R; (Xl,Xg) >0,i=1,2 and —ul, — A+
51X, + S5 X5 is an M-matriz. The matriz sequences {ka) ,XQ(k)}zon defined by —(@)
satisfy the following properties:
i) Xiu>xFV>y® > x® pri=12, k=01, ;
" Rixt?, x5 <0, Ry M) <o,
ii
Ry(XF xF Dy <0, i=1,2, k=0,1,....
)

(iii) The matriz sequences {X{k ,Xék)}zozo converge to the nonnegative minimal solu-

tion X1, X to the set of Riccati equations R1(X1, X2)) =0, Ra(X1, X2)) = 0 with X, < X;.
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(iv) Moreover, if—A+S1X1 + 95 X5 and —D + X151 + X252 are M-matrices, then the
_ X
solution X = ( X'l ) s a left- right stabilizing solution of the nonsymmetric Nash Riccati

2
equation R(X) =0.

3 Numerical examples

We execute numerical experiments on several numerical examples in this section. We apply
the above decoupled iterative methods to compute the stabilizing solution of the nonsym-
metric Riccati equation , i.e. decoupled iteration ALIDI — and decoupled iteration
-6

From the computational point of view it is interesting to investigate the following de-
coupled iteration. We call it the Decoupled Iteration 2 (DI2):

Yl + A) = (ul — AT + X5+ xP50)x P — Qi (6)
(ul + AT) XD =y B (ur — A+ 57" + 57, ) - q, (7)
i=1,2, X§O) :Xéo) =0, k=0,1,2,..., u<0.

The matrix coefficients in the above iteration are transposed to one another, i.e. (ul, +
AT = ul, + AT, In addition, (ul, + AT)™! = ((ul, + A)~HT. Note that the second
recursive equation 1' is the same as ([7)). In order to compute X,L»(kH),i =1,2k=0,1,...
one needs only one computation of a inverse matrix.

We have compared these three decoupled iterations. The matrix coeflicients A, B;, Q;
and Ry for i = 1,2 are defined using the Matlab description. All experiments were ex-
ecuted on Dell Computer with Processor Intel Core i7-1065G7 1.30 GHz. The numerical
experiments are constructed following the approach applied in [4].

Example 1. The matrix coefficients are:

A=abs(randn(n))/9; s=max(abs(eig(A)))+3.5; u is a parameter with p < 0;

for i=1m, A(i,i)=-(A(i,i))-s; end

B; = abs(randn(n,4))/2;

By = 0.7*eye(n,n); Ba2(n,n)=0.67;

Q1=zeros(nn); Q1(1,1)=n/2; Q1(n,n)=1.5;

for i=1:n-1, Q1 (i,i+1)=1/sqrt(n); Q1 (i+1,i)=1/sqrt(n); end

Q2 = 2xQ1;

Ry11=-10;

RQQ = —eye(n,n); R22(1,1)=—50; RQQ(H,H)Z—?)O;

We are executing this example for different values of n, and 100 runs are completed for
each value of n. We take X§0) = Xéo) = 0 and thus Ri(X{O),Xéo)) =—-Q; <0, i=12,
(i.e. the matrices are nonpositive).

Table 1 presents the computational results for different values of n.
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Table - NEW VARIANT
ALIDI (2-@8) | DIt {)-(5) | D2(g)-(7) |
n mlt avlit CPU mlt avit CPU mlt avlt CPU
28 51 483 0.0075s 56 53  0.0071s 51 47.1 0.0064s
56 72 69.6 0.0622s 85 79.4 0.0555s 73 67.8 0.0445s

Example 2. The matrix coefficients are:
A=abs(randn(n))/10; s=max(abs(eig(A)))+1.5;

for i=1:n, A(i,i)=-(A(i,i))-s; end

Bji=abs(randn(n,1))/6;

By=eye(n,n);  B(nn)=n/5;  By(1,1)=n/10;  Bz(1,n)=randn/10;
Qi1=zeros(n,n); @Q1(1,1)=n/5; Qi(n,n)=1/n;

Q2=0.25Q1; Ri1=-1.5;

Ryp=-eye(nn);  Rya(1,1)=-57;  Raz(n,n)=-2T;

We change the dimension n: n = 35,60, 80,100. We have 100 runs for each value of n

with each iterative formula. The results are described in Table 2.

Table 2. tol= 1le-12, v = —1.5

ALIDI (2)-(3) | DIt (4)-(5) | D2 (6)-(7) |

n mlt avit CPU mlt avlt CPU mlt avlt CPU
v=-1.5 ‘

35 24 224 0.0086s 26 23.9 0.0045s 23 22.0 0.0039s
60 34 334 0.0337s 37 359 0.0279s 33 31.9 0.0227s
80 43 419 0.0747s 46 44.5 0.0619s 40 38.3 0.0527s
100 52  50.4 0.1686s 55 53.5 0.1423s 46 45.3 0.1126s

4 Conclusion

Decoupled iteration @—([7]) is more effective than another iterations for the examples. How-

ever, we have no the convergence proof for the iteration @—.
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