Innovativity in Modeling and Analytics Journal of Research
c iMAJOR
ISSN XXXX-XXXX

vol. 1, 2016, pp.13-33,
http://imajor.info/

On the linear quadratic optimization problems and
associated Riccati equations for systems modeled
by Ito linear differential equations
Vasile Dragan
Institute of Mathematics ”Simion Stoilow” of the Romanian Academy
Research Unit 2, POBox 1-764, RO-014700
Bucharest, Romania
vasile.dragan@imar.ro

Abstract. In this paper a class of stochastic linear quadratic problems is investigated. Conditions which guarantee the existence of a solution of the associated
Riccati differential equation and algebraic Riccati equation of stochastic control are
formulated and some properties are derived in the cases of finite time horizon and
infinite time horizon.
Key Words: Riccati differential equations, algebraic Riccati equations, stochastic
linear quadratic control problems, stabilizing solution.
MSC: 15A24, 15A45, 49N10, 49N20, 65F35

1

Introduction

Several problems concerning the properties of solutions of matrix Riccati differential (difference) equations were investigated by researchers both in control theory and in the domain
of differential (difference) equations. The existence of the global solutions of the Riccati
equations has been related for a long time to the Jacobi sufficient conditions in the calculus
of variations. In 1960, Kalman [1] obtained global existence results for a matrix Riccati
differential equation under the so-called controllability and observability conditions in control theory; the result was related to the so-called linearquadratic optimization problem.
Later on, Wonham [2, 3] extended the result to the framework of stochastic control and
introduced the so-called Riccati equations of stochastic control.
There exist an enormous number of papers and monographs that deal with different
problems concerning matrix Riccati differential (difference) equations, both in deterministic and stochastic frameworks. For the convenience of the readers, we refer here to the
monographs [4, 5] and the references therein. These monographs contain a lot of aspects
concerning both symmetric and non-symmetric Riccati differential (difference) equations
as well algebraic Riccati equations. Different contributions to the problem of stability and
stabilization for the systems modeled by stochastic differential equations can be found in
[6, 7, 8, 9].
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The problem of the existence of the stabilizing solution of an algebraic Riccati equation associated to a linear quadratic control problem described by a system of linear Itô
differential equation with state and control dependent noise and a quadratic cost functional
with indefinite sign was investigated in [14]. In [10, 11] the problem of the existence and
uniqueness of the bounded and stabilizing solution of a Riccati differential equation arising
in connection with a linear quadratic optimization problem described by a system of Itô
differential equations perturbed by a Markov process was studied beside the existence of
the maximal solution and the minimal solution. The existence of the stabilizing solution of
the Riccati differential equations arising in connection with stochastic H∞ control problems
was studied in [15] for time varying case and in [16] for the time invariant case. Recently,
the problem of the existence of the bounded and stabilizing solution of the Riccati differential equation involved in the description of the equilibrium strategy of a zero sum linear
quadratic differential game was considered in [17] in the case when the dynamic system is
modeled by a system of Itô differential equations with coefficients perturbed by a Markov
process with a finite number of states.
The numerical computation of the stabilizing solution of a Riccati differential (algebraic) equation arising in the stochastic H∞ control problem and stochastic zero sum linear
quadratic differential games was investigated in [18, 19, 20, 21] where different iterative
procedures were proposed to approximate the stabilizing solution of the considered Riccati
equations.
The aim of the present work is to emphasize the role of some solutions with given
terminal values or the role of the stabilizing solution of a matrix Riccati equation associated
to a linear quadratic control problem described by a system of Itô differential equations with
state and control dependent noise and a quadratic cost functional with indefinite sign. We
shall display the sign conditions which need to be satisfied by the quadratic part of the
Riccati differential equations or algebraic Riccati equations in order to be possible to solve
a minimization problem, a maximization problem or a zero sum linear quadratic differential
game. We shall see that in the case when the diffusion part of the controlled system
contains a control dependent term, the sign of the weights matrices of the cost functional
is less relevant to guarantee the well posedness of the linear quadratic control problems.
We shall provide also conditions which guarantee the existence of the global solutions on a
given interval [0, T ] as well as the existence of the stabilizing solution of a Riccati differential
algebraic equation involved in the solution of a minimization, maximization problems or in
construction of the equilibrium strategy of a zero sum linear quadratic stochastic differential
game.

2

A class of stochastic linear quadratic problems.
description

Model

In this paper we consider the linear quadratic control problem (LQP) described by a linear
controlled system of the form
dx(t) = (A0 x(t) + B0 u(t))dt + (A1 x(t) + B1 u(t))dw(t)

(1)
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t ≥ 0, x(0) = x0 ∈ Rn and by the quadratic cost performance
J(T, x0 ; u) =

E[xTu (T )Mf xu (T )

ZT 
+

xu (t)
u(t)

T 

M
LT

L
R



xu (t)
u(t)


dt]

(2)

0

in the case of a control problem on a compact interval (finite time horizon) and
T 
Z∞ 
xu (t)
M
J(∞, x0 ; u) = E[
u(t)
LT

L
R



xu (t)
u(t)


dt]

(3)

0

in the case of infinite time horizon i.e. t ∈ R+ = [0, ∞). Here, x(t) ∈ Rn are the state
parameters of the controlled process and u(t) ∈ Rm are the input parameters which incorporates control parameters and/or some external perturbations which may affect the process
which must be controlled.
In the sequel, for the sake of simplicity, u(t) will be named control vectors. In (1)
{w(t)}t≥0 is one dimensional standard brownian motion defined on a given probability
space (Ω, F, P), that is
E[w(t)] = 0, E[(w(t) − w(s))2 ] = t − s

∀ t ≥ s ≥ 0.

Throughout E denotes the mathematical expectation and the superscript T stands for
the transposition operation of a vector or a matrix.
In the case of (2) and (3) xu (·) is the solution of the problem with given initial values
(1) corresponding to the input u(·). Here Aj , Bj , j = 0, 1, M, Mf , L, R are given matrices
with real entries of compatible dimensions. We assume that M = M T , Mf = MfT , R = RT .
If I ⊂ [0, ∞) is a compact interval, then L2w (I, Rp ) is the linear space of the measurable
stochastic processes, y : I × Ω → Rp which are Radapted to the filtration generated by the
brownian motion {w(t)}t≥0 and additionally E[ |y(t)|2 dt] < ∞.
I

By L2w (R+ , Rm ) we denote the linear space of stochastic processes u : [0, ∞) × Ω → Rm
having the properties:
a) u ∈R L2w (I, Rm ) for any compact interval I ⊂ [0, ∞].
∞
b) E[ 0 |u(t)|2 dt] < ∞.
Throughout | · | denotes the euclidian norm of a vector that is |u|2 = uT u. One shows
that for each T > 0 and for arbitrary u ∈ L2w ([0, T ], Rm ) the Itô differential equation (1) has
a unique solution xu = {xu (t)}0≤t≤T starting from x0 at initial time t = 0 and additionally
xu ∈ L2w ([0, T ], Rn ).
Let us introduce the class of admissible controls:
(i) in the case of a LQP described by the system (1) and the cost functional (2), the
class of admissible controls Uadm (T, x0 ) coincides with L2w ([0, T ], Rm );
(ii) in the case of a LQP on infinite time horizon, the class of admissible controls
Uadm (∞, x0 ) consists of all stochastic processes u ∈ L2w (R+ , Rm ) with the property that
xu ∈ L2w (R+ , Rm ) and
lim E[xTu (t)xu (t)] = 0.

t→∞

(4)
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If J(x0 , u) is one of the cost functionals J(T, x0 ; u) or J(∞, x0 ; u) defined in (2) and
(3) respectively, and Uadm (x0 ) is one of the class of admissible controls Uadm (T, x0 ), or
Uadm (∞, x0 ) respectively, we can state three main kinds of linear quadratic optimization
problems (LQOPs).
LQOP1 ) (minimization) Given x0 ∈ Rn find ũ ∈ Uadm (x0 ) such that
J(x0 , ũ) =

min
u∈Uadm (x0 )

J(x0 , u).

LQOP2 ) (maximization) Given x0 ∈ Rn find a control ũ ∈ Uadm (x0 ) such that
J(x0 , ũ) =

max
u∈Uadm (x0 )

J(x0 , u).

LQOP3 ) (zero sum LQ differential game) One assumes that there exists a partition of
the admissible inputs according with certain physical interpretation of the meaning of the
inputs. So, we assume that u(t) = (u1 (t), u2 (t)), uk (t) ∈ Rmk , where mk ≥ 1, k = 1, 2 and
m1 + m2 = m, m1 and m2 do not depend upon u ∈ Uadm (x0 ). In few words, the optimal
control problem may be stated as follows:
Given x0 ∈ Rn , let find ũ = (ũ1 , ũ2 ) ∈ Uadm (x0 ) with the property that
J(x0 ; u1 , ũ2 ) ≤ J(x0 ; ũ1 , ũ2 ) ≤ J(x0 ; ũ1 , u2 )

(5)

for all u1 (t), u2 (t), such that (u1 (t), ũ2 (t)) and (ũ1 (t), u2 (t)) lie in Uadm (x0 ).
Remark 1 From (5) one sees that the goal of the input u1 is to maximize the cost functional, while the aim of the input u2 is to minimize the cost J(x0 ; u1 , u2 ). The input
ũ = (ũ1 , ũ2 ) satisfying (5) will be a saddle point of the cost J(x0 ; ·, ·). Often (ũ1 , ũ2 ) satisfying (5) is named zero sum Nash equilibrium strategy.
Remark 2 For each x0 ∈ Rn and a given pair (J(x0 ; ·, ·), Uadm (x0 )) only one of the three
optimal control problems stated above is possible.

3

Riccati differential equations and algebraic Riccati equations of stochastic control

Let Sn ⊂ Rn×n be the linear space of symmetric matrices with real entries. On Sn we
consider the matrix differential equation
d
X(t) + R[X(t)] = 0
dt

(6)

where X → R[X] : Dom(R) ⊂ Sn → Sn is described by
R[X] = AT0 X + XA0 + AT1 XA1 + M −
− (XB0 +

AT1 XB1

+ L)(R +

B1T XB1 )−1 (B0T X

where Dom(R) = {X ∈ Sn |R + B1T XB1 is invertible}.

(7)
+

B1T XA1

T

+L )
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If A1 = 0, B1 = 0, the nonlinear differential equation (6)-(7) reduces to the well known
Riccati differential equation arising in connection with linear quadratic control problems
in the deterministic framework. That is why, in the sequel (6)-(7) will be named Riccati
differential equation (RDE) of stochastic control.
If X : I ⊂ R → Sn is a solution of RDE (6)-(7) we define the gain matrix associated to
this solution by
F X (t) = −(R + B1T X(t)B1 )−1 (B0T X(t) + B1T X(t)A1 + LT ),
A.

t ∈ I.

(8)

The case of finite time horizon

Let XT (t) be the solution of RDE (6)-(7) satisfying the given terminal condition XT (T ) =
Mf , where Mf is the weight matrix arising in (2). Some conditions which guarantee the
fact that the solution XT (t) is well defined for any t ∈ [0, T ] will be presented later.
Now, assuming that XT (t) is well defined on the whole interval [0, T ] and involving the
Itô formula for computation of the stochastic differential of some random processes (see e.g.
[12]) we may rewrite (2) as:
RT
J(T, x0 ; u) = xT0 XT (0)x0 + E [ (u(t) − FT (t)xu (t))T

(9)

0

×(R + B1T XT (t)B1 )(u(t) − FT (t)xu (t))dt]
∀u ∈ Uadm (T, x0 ), FT (t) is computed as in (8) with X(t) replaced by XT (t), 0 ≤ t ≤ T .
Let xT (t) be the solution of the problem with given initial values
dx(t) = (A0 + B0 FT (t))x(t)dt + (A1 + B1 FT (t))x(t)dw(t), xT (0) = x0 .

(10)

uT (t) = FT (t)xT (t), 0 ≤ t ≤ T

(11)

Setting

we remark that uT ∈ Uadm (T, x0 ) and from the uniqueness of the solution of (10) we deduce
that xuT (t) coincides with xT (t). From (9) we obtain J(T, x0 ; uT ) = xT0 XT (0)x0 .
Let us introduce the notation
R(XT (t)) = R + B1T XT (t)B1 .

(12)

We have:
Theorem 3 Assume that the solution XT (·) of the RDE (6)-(7) satisfying the terminal
condition XT (T ) = Mf is well defined for any t ∈ [0, T ]. Under these conditions the
following hold:
a) If
R(XT (t)) > 0

(13)

for all t ∈ [0, T ] then for each x0 ∈ Rn , the optimal control problem described by the
controlled system (1) and the performance (2) has a unique solution which is given by
ũ(t) = uT (t) = FT (t)xT (t),

t ∈ [0, T ],

(14)
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xT (t) being the solution of the problem (10).
The minimal value of the cost functional (2) is given by
J(T, x0 ; ũ) = xT0 XT (0)x0 .

(15)

R(XT (t)) < 0

(16)

b) If

for all t ∈ [0, T ], then for any x0 ∈ Rn the control ũ(t) defined in (14) is the unique admissible control which solves the optimal control problem of type LQOP2 described by the
controlled system (1) and the cost functional (2). In this case (15) provides the maximal
value of the performance criterion (2).
c) Assume that R(XT (t)) has m1 negative eigenvalues and m2 positive eigenvalues where
mk ≥ 1,
k = 1, 2 not depend upon t and
 m1 + m2 = m.
R11 (XT (t)) R12 (XT (t))
be the partition of the matrix R(XT (t)).
Let
RT12 (XT (t)) R22 (XT (t))
We also consider the partition of the inputs u(t) and uT (t) in the form u(t) = (u1 (t), u2 (t)),
uT (t) = (u1T (t), u2T (t)) where uk (t), ukT (t) ∈ Rmk , k = 1, 2. If R11 (XT (t)) < 0 and
R22 (XT (t)) > 0 for all 0 ≤ t ≤ T , then (u1T (t), u2T (t)) is a saddle point (zero sum Nash
equilibrium strategy) of LQ differential game described by the system (1) and the cost functional (2), i.e.
J(T, x0 ; u1 , u2T ) ≤ J(T, x0 ; u1T , u2T ) ≤ J(T, x0 ; u1T , u2 )
for all uk ∈ L2w ([0, T ], Rmk ), k = 1, 2.
Remark 4 The result stated in Theorem 3 points out the fact that in each of the three optimal control problems considered here, the gain matrix of the optimal control is constructed
based on the solution of the RDE (6)-(7) satisfying the terminal condition XT (T ) = Mf .
Even if XT (t) is unique it can contribute to the computation of the optimal control of the
three distinct optimization problems. This fact is possible due to the properties of the sign
of the Kernel matrix (12). That is why, in practice, in order to solve an LQ optimization
problem it is looking for the solution XT (·) of RDE (6)-(7) satisfying the terminal condition
XT (T ) = Mf and the Kernel matrix (12) has an imposed sign.
B. The case of the infinite time horizon
Let X : [0, ∞) → Sn be a bounded solution of RDE (6)-(7). Based on the Itô formula
we obtain the following form of (3)
J(∞, x0 ; u) =

xT0 X(0)x0

Z∞
+ E[ (u(t) − F X (t)xu (t))T (R + B1T X(t)B1 )(u(t) − F X (t)xu (t))dt](17)
0

for all u ∈ Uadm (∞, x0 ), x0 ∈ Rn , where F X (t) is the gain matrix associated to the solution
X via (8).
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Let xX (t), t ∈ [0, ∞) be the solution of the problem with given initial values:
dx(t) = (A0 + B0 F X (t))x(t)dt + (A1 + B1 F X (t))x(t)dw(t),

xX (0) = x0 .

(18)

We set
uX (t) = F X (t)xX (t).

(19)

From the uniqueness of the solution of the problem with given initial values (18) we may
infer that xuX (t) coincides with xX (t), t ≥ 0.
Note: Unlike the controls of type (11) from the finite time horizon case, in the case
of controls of type (19) we cannot conclude that they are admissible controls because, we
cannot be sure that lim E[|xuX (t)|2 ] = 0.
t→∞

This fact entitles us to define a special kind of bounded solution of RDE (6)-(7).

Definition 5 We say that a solution X : [0, ∞) → Sn is a stabilizing solution of RDE (6)(7) if all trajectories xX (t, x0 ) of the corresponding closed-loop system of type (18) satisfy
lim E[|xX (t, x0 )|2 ] = 0 for all x0 ∈ Rn
t→∞

The next result is a special case of that proved in Theorem 5.6.5 from [13].
Theorem 6 The RDE (6)-(7) has at most one bounded and stabilizing solution. Moreover,
the unique bounded and stabilizing solution of RDE (6)-(7) if it exists, is constant, and
therefore it solves the following algebraic Riccati equation of stochastic control (SARE):
AT0 X + XA0 + AT1 XA1 + M −
−(XB0 + A1 XB1 + L)(R + B1T XB1 )−1 (B0T X + B1T XA1 + LT ) = 0.

(20)

In the next, we shall denote X̃ the unique stabilizing solution of SARE (20) if it exists.
We also set
F̃ = F X̃ = −(R + B1T X̃B1 )−1 (B0T X̃ + B1T X̃A1 + LT ).

(21)

The analogous of the control (19) is
ũ(t) = F̃ x̃(t)

(22)

where x̃(t) = x̃(t, x0 ), t ≥ 0, is the solution of the problem with given initial values
dx(t) = (A0 + B0 F̃ )x(t)dt + (A1 + B1 F̃ )x(t)dw(t)

(23)

x̃(0) = x0 .
From the definition of the stabilizing solution of (20) we know that the trajectories of (23)
satisfy lim E[|x̃(t, x0 )|2 ] = 0, ∀x0 ∈ Rn .
t→∞

Hence, the controls (22) lie in Uadm (∞, x0 ) for all x0 ∈ Rn .
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When X(t) is replaced by the stabilizing solution X̃, (17) becomes
J(∞, x0 ; u) =

xT0 X̃x0

Z∞
+ E[ (u(t) − F̃ xu (t))T (R + B1T X̃B1 )(u(t) − F̃ xu (t))dt]

(24)

0

for all u ∈ Uadm (∞; x0 ), x0 ∈ Rn .
The identity (24) allows us to obtain:
Theorem 7 If X̃ is the unique stabilizing solution of SARE (20), then the following possibilities occur:
a) if R + B1T X̃B1 > 0 then for any x0 ∈ Rn the linear quadratic optimal control of type
LQOP1 described by the cost functional (3) and the class of admissible controls Uadm (∞; x0 )
has a unique solution which is given by the control (22). The minimal value of the cost
functional (3) is
J(∞, x0 ; ũ) = xT0 X̃x0 .

(25)

b) If R + B1T X̃B1 < 0 then for any x0 ∈ Rn the optimal control problem of type LQOP2
described by the cost functional (3) and the class of admissible controls Uadm (∞, x0 ) has a
unique solution which is given by the control (22). In this case (25) provides the maximal
value of the cost functional (3).
c) Assume that the matrix R + B1T X̃B1 has m1 negative eigenvalues and m2 positive
eigenvalues, mk ≥ 1, k = 1, 2 and m1 + m2 = m. Assume also that we have the partition


T X̃B
R11 + B11
11 R12 + B11 X̃B12
T
R + B1 X̃B1 =
T + B T X̃B
T
R12
11 R22 + B12 X̃B12
12
T
T X̃B
such that R11 + B11
11 < 0 and R22 + B12 X̃B12 > 0. Under these conditions the control
(22) admits the partition ũ(t) = (ũ1 (t), ũ2 (t)), ũk (t) ∈ Rmk and it is a saddle point of the
cost functional (3) i.e. J(∞, x0 ; u1 , ũ2 ) ≤ xT0 X̃x0 = J(∞, x0 ; ũ1 , ũ2 ) ≤ J(∞, x0 ; ũ1 , u2 ) for
all uk ∈ L2w (R+ , Rmk ) such that (u1 , ũ2 ) and (ũ1 , u2 ) lie in Uadm (∞; x0 ).

Remark 8 The result stated in Theorem 7 emphasizes the role of the sign of the matrix
R+B1T X̃B1 to establish what kind of LQ optimal control problem can be solved involving the
stabilizing solution of a given SARE (22). It is worth mentioning that in the case B1 6= 0
the sign of the weight matrix R is less relevant in the identification of the type of optimal
LQ control problem which can be solved based on the stabilizing solution of the considered
SARE.

4

4.1

Conditions which guarantee the existence of a solution of
RDE and ARE of stochastic control with desired properties
Riccati differential equations of stochastic control with definite sign
of quadratic part

A) The case of finite time horizon
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In this subsection we provide conditions which are equivalent to the well definiteness
of the solution XT (·) of RDE (6)-(7) on the whole interval [0, T ] with the property that
R(XT (t)) has definite sign for all t.
For a differential matrix valued function Z : I ⊂ R → Sn we denote


Ż(t) + L[Z(t)] + M
Z(t)B0 + AT1 Z(t)B1 + L
(26)
D(Z(t)) =
B0T Z(t) + B1T Z(t)A1 + LT
R(Z(t))
where Y → L[Y ] : Sn → Sn ,
L[Y ] = AT0 Y + Y A0 + AT1 Y A1

(27)

and R(Z(t)) is computed as in (12) with XT (t) replaced by Z(t), i.e. R(Z(t)) = R +
B1T Z(t)B1 .
The linear operator L introduced in (27) is the Lyapunov type operator associated to
the system of linear Itô differential equations (obtained from (1) for Bj = 0, j = 0, 1)
dx(t) = A0 x(t)dt + A1 x(t)dw(t).

(28)

Definition 9 We say that the system (28) is asymptotically stable in mean square (ASMS)
or equivalently the pair (A0 , A1 ) is stable if its solutions are satisfying lim E[|x(t, x0 )|2 ] = 0
t→∞

for all x0 ∈ Rn .

The main properties of the operator L involved in this work are summarized below:
Proposition 10 (i) the system (28) is ASMS if and only if the eigenvalues of the operator
L are placed in the half plane C− = {z ∈ C|Rez < 0};
(ii) the operator L defines a positive evolution on the Hilbert space Sn , i.e., the solutions
of the differential equation
Ẋ(t) = L[X(t)]

(29)

are positive semidefinite matrices for all t ≥ 0, if X(0) ≥ 0;
(iii) if Y (t; T, H) is the solution of the affine differential equation on Sn
Ẏ (t) + L[Y (t)] + Λ(t) = 0

(30)

satisfying the condition Y (T ) = H (Λ(·) being a continuous matrix valued function) then
Y (t; T, H) ≥ 0 ∀t ≤ T if H ≥ 0 and Λ(t) ≥ 0 ∀t ≤ T .
Proof: (i) Using the representation formula given in Proposition 3.1.3 from [13] one shows
that (A0 , A1 ) is stable if and only if the solutions of the differential equation (29) tend to 0
for t → ∞. This happens if and only if the eigenvalues of the operator L are in C− .
0
(ii) We have L = L0 + Π where L0 [X] = AT0 X + XA0 and Π[X] = AT1 XA1 ; eL t [X] =
T
eA0 t XeA0 t ≥ 0, ∀t ≥ 0 if X ≥ 0. Π[X] ≥ 0 if X ≥ 0. The conclusion follows from Corollary
2.2.6 from [13].
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(iii) The solutions of (30) have the representation
L(T −t)

Y (t; T, H) = e

ZT
[H] +

eL(s−t) [Λ(s)] ds

t

and the conclusion follows from (ii).
Using the equivalence from (i) in Proposition 10 in the case of the closed loop system
(23) we obtain:
Corollary 11 The following are equivalent:
(i) X̃ is the stabilizing solution of SARE (20);
(ii) the eigenvalues of the linear operator LF̃ : Sn → Sn are placed in the half plane C− ,
where
X → LF̃ [X] = (A0 + B0 F̃ )T X + X(A0 + B0 F̃ ) + (A1 + B1 F̃ )T X(A1 + B1 F̃ )
F̃ being defined in (21);
0
0
(iii) the eigenvalues of the linear operator R [X̃] are located in the half place C− , R [X̃]
being the Freche derivative of the Riccati operator R[·] defined in (7) computed in X = X̃.
The next result provides conditions which are equivalent to the well definiteness of the
solution XT (·) of RDE (6)-(7) satisfying conditions (13) and (16) from Theorem 3.
Theorem 12 a) Let Î(T ) ⊂ [0, T ] be the maximal interval where the solution XT (·) of RDE
(6)-(7) taking the terminal value XT (T ) = Mf is defined and satisfies the sign condition
R + B1T XT (t)B1 > 0 ∀t ∈ Î(T ). Then the following are equivalent:
(i) Î(T ) = [0, T ]
(ii) there exists a differentiable function Ẑ : [0, T ] → Sn satisfying the conditions:
D[Ẑ(t)] ≥ 0,
R+

B1T Z(t)B1

(31)

>0

t ∈ [0, T ] and Mf ≥ Ẑ(T ).
b) Let Ǐ(T ) ⊂ [0, T ] be the maximal interval where the solution XT (·) of RDE (6)(7) taking the terminal value XT (T ) = Mf is well defined and satisfies the sign condition
R + B1T XT (t)B1 < 0 ∀t ∈ Ǐ(T ).
Then the following are equivalent:
(i) Ǐ(T ) = [0, T ];
(ii) there exists a differentiable function Ž : [0, T ] → Sn satisfying the conditions:
D[Ž(t)] ≤ 0
R+
t ∈ [0, T ] and Mf ≤ Ž(T ).

B1T Ž(t)B1

<0

(32)
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Proof: One shows that Ẑ(t) ≤ XT (t) ≤ YT (t) for all t ∈ Î(T ) if Ẑ(·) satisfies (31) and
YT (t) ≤ XT (t) ≤ Ž(t) for all t ∈ Ǐ(T ) if Ž(·) satisfies (32). In both cases YT (·) is the solution
with given terminal values Ẏ (t) + AT0 Y (t) + Y (t)A0 + AT1 Y (t)A1 + M = 0, Y (T ) = Mf .
Thus one obtains that XT (t) is bounded on its maximal interval of definition. Hence, it can
be extended to the whole interval [0, T ].
Remark 13 a) The conditions (31) and (32), respectively, compensate the absence of the
additional assumptions regarding the sign of the weights M and R. If Ẑ(t) = 0, 0 ≤ t ≤ T ,
satisfies (31) we obtain the case of LQOP with defined sign:


M L
≥ 0, quadR > 0.
(33)
LT R
In this case XT (t) ≥ 0 = Ẑ(t) and so the condition R + B1T X(t)B1 > 0 is automatically
satisfied.
b) Since the coefficients Aj , Bj , j = 0, 1, M, L, R are constant functions it can be
checked the solvability of (31) and (32) respectively, looking for constant functions Ẑ, Ž
respectively.
B. The case of infinite time horizon
Definition 14 We say that the system (1) is stochastic stabilizable if there exists a feedback
gain matrix F ∈ Rm×n such that the control u(t) = F x(t) stabilizes that system, i.e. the
closed-loop system dx(t) = (A0 + B0 F )x(t)dt + (A1 + B1 F )x(t)dw(t) is ASMS.
Proposition 15 The following are equivalent:
(i) the system (1) is stochastic stabilizable;
(ii) there exist the matrices Z ∈ Sn , W ∈ Rm×n solving the following LMI:


Υ(Z, W )
A1 Z + B1 W
<0
ZAT1 + W T B1T
−Z

(34)

where Υ(Z, W ) = A0 Z + ZAT0 + B0 W + W T B0T . If (Z, W ) is a solution of LMI (34) then
the control u(t) = W Z −1 x(t) stabilizes the system (1).
For proof we refer to [14].
Theorem 16 The following are equivalent:
(i) SARE (20) has a stabilizing solution X̃ satisfying the sign condition R+B1T X̃B1 > 0;
(ii) the system (1) is stochastic stabilizable and there exists Ẑ satisfying the LMI D[Ẑ] >
0.
If the stabilizing solution X̃ exists it satisfies the maximality condition
X̃ = max{X ∈ Sn |D[X] ≥ 0, R + B1T XB1 > 0}.

(35)

Remark 17 In the statement of Theorem 16 no assumption regarding the sign of the
weights matrices is done and hence, no information regarding the sign of the stabilizing
solution X̃ is available.
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In the special case described by (33) the stabilizing solution is positive semidefinite
˜ ≥ 0 where X̃
˜ is the minimal positive
matrix. Moreover, in this case, we have X̃ ≥ X̃
˜
semidefinite solution of (20). In general X̃ 6= X̃.
This can be viewed from the following example:
Example. Consider n = 2, m = 1. Choose


 
 
1 0
2
0
A0 =
, A 1 = I2 , B0 =
, B1 =
,
0
0 3
1


1 0
M =
, R = 1, L = 0.
0 0
The maximal solution of the Riccati equation is


8
−21
>0
X̃ =
−21 63
and the minimal solution is
˜ =
X̃



1 0
0 0


≥ 0.

˜
Obviously in this case X̃ 6= X̃.
Note. In the absence of some additional assumptions, the positive semidefinite solution
of (20) is not equivalent with the stabilizing solution of that equation.
The condition (33) is equivalent to R > 0 and M − LR−1 LT ≥ 0.
Let C be such that C T C = M − LR−1 LT .
We set Âj = Aj − Bj R−1 LT , j = 0, 1 and consider the system
dx(t) = Â0 x(t)dt + Â1 x(t)dw(t)

(36)

y(t) = Cx(t).
Definition 18 We say that the system (36) is stochastic detectable if there exists a matrix
of compatible dimensions H, such that the system
dx(t) = (Â0 + HC)x(t)dt + Â1 x(t)dw(t)

(37)

is ASMS.
Proposition 19 The following are equivalent:
(i) the system (36) is stochastic detectable;
(ii) there exists Y = Y T > 0 and V solving the following LMI:
ÂT0 Y + Y Â0 + C T V T + V C + ÂT1 Y Â1 < 0.
If (Y, V ) is a solution of this LMI, then H = Y −1 V satisfies the condition from Definition 4.
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Proposition 20 The following are true:
(i) if the auxiliary system (36) is stochastic detectable then any positive semidefinite
solution of SARE (20) is a stabilizing one;
(ii) if the system (1) is stochastic stabilizable and the auxiliary system (36) is stochastic
detectable, then the SARE (20) has a unique positive semidefinite solution and that solution
is stabilizing.
Note. To obtain the uniqueness of positive semidefinite solution of SARE (20) we have
added the assumption of stochastic detectability.
Regarding the existence of the stabilizing solution of SARE (20) satisfying the sign
condition R + B1T X̃B1 < 0 we have:
Theorem 21 The following are equivalent:
(i) the SARE (20) has a stabilizing solution X̃ satisfying the sign condition R+B1T X̃B1 <
0;
(ii) the system (1) is stochastic stabilizable and there exist Ž ∈ Sn satisfying D[Ž] < 0.
If the stabilizing solution X̃ of (20) satisfying R + B1T X̃B1 < 0 exists, then it satisfies
the following minimality condition
X̃ = min{X ∈ Sn |D[X] ≤ 0,

R + B1T XB1 < 0}.

Proof: X̃ is stabilizing solution of SARE (20) satisfying the sign condition R +
B1T X̃B1 < 0 if and only if Ỹ = −X̃ is the stabilizing solution of the SARE
AT0 Y + Y A0 + AT1 Y A1 − (Y B0 + AT1 Y B1 − L)(−R + B1T Y B1 )−1 (B0T Y + B1T Y A1 − LT ) = 0
satisfying condition −R + B1T Y B1 > 0. The conclusion is obtained applying Theorem 16
in the case of SARE (37).

4.2

Riccati equations with indefinite sign of their quadratic parts

In this subsection we consider the case when the solution X(·) of RDE (6)-(7) are such
that the matrices R + B1T X(t)B1 have m1 negative eigenvalues and m2 positive eigenvalues,
mk ≥ 1, k = 1, 2, do not depend upon t and m1 + m2 = m.
Setting u(t) = (u1 (t), u2 (t)), uk (t) ∈ Rmk , k = 1, 2, we rewrite (1)-(3) in the form:
dx(t) = (A0 x(t) + B01 u1 (t) + B02 u2 (t))dt + (A1 x(t) + B11 u1 (t) + B12 u2 (t))dw(t)
(38)
x(0) = x0 , Bjk ∈ Rn×mk , k = 1, 2, j = 0, 1,

RT T
xu (t) uT1 (t) uT2 (t)
J(T, x0 ; u1 , u2 ) = E [xTu (T )Mf xu (T ) +
0
T
×Q xTu (t) uT1 (t) uT2 (t) dt]

(39)
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Z∞

T
J(∞, x0 ; u1 , u2 ) = E[
xTu (t) uT1 (t) uT2 (t) Q xTu (t) uT1 (t) uT2 (t) dt]

(40)

0


M L1 L2
where Q =  LT1 R11 R12 , with Lk ∈ Rn×mk , k = 1, 2, Rlk ∈ Rml ×mk , l, k = 1, 2.
T
LT2 R12
R22
m
Let K : [0, T ] → R 2 ×n be a continuous matrix valued function. Plugging u2 (t) =
K(t)x(t) in (38) and (39) we obtain


dx(t) = (A0K (t)x(t) + B01 u1 (t))dt + (A1K (t)x(t) + B11 u1 (t))dw(t)

(41)

x(0) = x0
and
JK (T, x0 ; u1 ) =

E[xTu1 (T )Mf xu1 (T )

ZT 
+

xu1 (t)
u1 (t)

T 

0

MK (t) LK (t)
R11
LTK (t)



xu1 (t)
u1 (t)


dt](42)

T 


In
M L2
In
where Ajk (t) = Aj + Bj2 K(t), j = 0, 1, MK (t) =
,
K(t)
LT2 R22
K(t)
T , 0 ≤ t ≤ T , x (·) is the solution of the problem with given initial
LK (t) = L1 + K T (t)R12
u1
values (41).
The corresponding RDE associated to the controlled system (41) and the cost functional
(42) is:


Ẏ (t) + AT0K (t)Y (t) + Y (t)A0K (t) + AT1K (t)Y (t)A1K (t) + MK (t) −
T
−(Y (t)B01 +AT1K (t)Y (t)B11 +RK (t))(R11 +B11
Y (t)B11 )−1 ×
T
×(B01
Y

T
(t)+B11
Y

(43)

(t)A1K (t)+LTK (t)) = 0.

In order to facilitate the statement of the next result we shall introduce several notations.
So, KT denotes the set of continuous matrix valued functions K : [0, T ] → Rm2 ×n with the
property that the solution YKT (·) of the corresponding RDE (43) satisfying the terminal
condition YKT (T ) = Mf is well defined on the whole interval [0, T ] and satisfies the sign
T Y
condition R11 + B11
KT (t)B11 < 0, ∀t ∈ [0, T ].
Set


Ż(t) + L[Z(t)] + M
Z(t)B02 + AT1 Z(t)B12 + L2
(44)
D2 [Z(t)] =
T Z(t) + B T Z(t)A + LT
T Z(t)B
B02
L22 + B12
1
12
12
2
where L[·] is the Lyapunov type operator associated to the pair (A0 , A1 ) by (27) and Z :
[0, T ] → Sn is an arbitrary differentiable matrix valued function.
Remark 22 The matrix valued function D2 [Z(t)] is, in fact, the matrix valued function of
type (26) but associated to the triple ((A0 , A1 ), (B02 , B12 ), (M, L2 , R22 )). To this triple we
associate the RDE:
Ẋ(t) + R2 [X(t)] = 0

(45)
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where
R2 [X] = AT0 X + XA0 + AT1 XA1 + M
T XB )−1 (B T X + B T XA + LT ).
−(XB02 + AT1 XB12 + L2 )(R22 + B12
12
1
02
12
2

(46)

The following auxiliary results will be involved in the developments in this section.
Lemma 23 Assume that X ∈ Sn is such that the matrix R+B1T XB1 ∈ Sm has m1 negative
eigenvalues and m2 positive eigenvalues, mk ≥ 1, k = 1, 2, m1 + m2 = m.
T

< 0 then we have the following factorizaa) If Im1 0 (R + B1T XB1 ) Im1 0


Ṽ11 (X) Ṽ12 (X)
tion R + B1T XB1 = Ṽ T (X)IṼ (X) where Ṽ (X) =
with Ṽjj (X) =
0
Ṽ22 (X)


0
−Im1
T
.
Ṽjj (X) > 0, j = 1, 2, and I =
0
Im2


T
b) If 0 Im2 (R+B1T XB1 ) 0 Im2
> 0 then we have R+B1T XB1 = V T (X)IV (X)


V11 (X)
0
with Vjj (X) = VjjT (X) > 0, j = 1, 2, and I is the same
where V (X) =
V21 (X) V22 (X)
as before.
Proof: is done by direct calculation. The details are omitted.
Lemma 24 If W ∈ Rm×n is an arbitrary matrix we have
R[X] = (A0 + B0 W )T X + X(A0 + B0 W ) + (A1 + B1 W )T X(A1 + B1 W )−
−(W − F X )T (R + B1T XB1 )(W − F X ) + MW
for all X ∈ DomR, where F X is defined as in (8) with X(t) replaced by X and



T 
In
In
M L
.
MW =
W
LT R
W
Proof: It follows by direct calculations.
It is worth
mentioning
that MK (t) involved in (42) and (43) is the special case of MW


0
for W =
.
K(t)
For each 0 ≤ t0 < T < ∞ we introduce the performance criterion
J(T, t0 , x0 ; u1 , u2 ) =

E[xTu (T )Mf xu (T )+

ZT


T
xTu (t) uT1 (t) uT2 (t) Q xTu (t) uT1 (t) uT2 (t) dt]

t0

xu (t) being the solution of the differential equation (38) corresponding to the input u =
(u1 , u2 ) ∈ L2w ([t0 , T ], Rm1 × Rm2 ) and satisfying the initial condition xu (t0 ) = x0 ∈ Rn .
Lemma 25 Let X(t) be the solution of RDE (6)-(7) satisfying XT (T ) = Mf . If t0 < T is
in the interval of definition of the solution (XT (·)), we have
J(T, t0 , x0 ; u1 , u2 ) = xT0 XT (t0 )x0 + J(T, t0 , 0; u1 − u1T , u2 − u2T )

for all (u1, u2 ) ∈ L2w ([t0 , T ], Rm1 × Rm2 ) where u1T (t) = Im1 0 FT (t)xT (t), u2T (t) =
0 Im2 FT (t)xT (t), FT (t) being computed as in (8) for x(t) replaced by xT (t) and xT (t)
is the solution of the corresponding closed-loop system of type (10) and satisfies xT (t0 ) = x0 .
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Proof: It follows the line of the proof of Lemma 4.3 from [15].
Now, we are in position to state a result which provides a set of conditions equivalent
to the global existence of solution of RDE in the case of a zero sum LQ differential game.
Theorem 26 Assume that

Q2 ,

M
LT2

L2
R22


≥ 0.

(47)

For a T > 0 we denote I(T ) the maximal interval I(T ) ⊂ [0, T ] where the solution XT (t)
of RDE (6)-(7) satisfying XT (T ) = Mf is well defined and satisfies the sign conditions
T
R11 + B11
XT (t)B11 < 0

R22 +

T
B12
XT (t)B12

(48)

> 0.

Then the following are equivalent:
(i) I(T ) = [0, T ];
(ii) the set K is not empty and there exists a differentiable function Z : [0, T ] → Sn
satisfying

R22 +

D2 [Z(t)] ≥ 0
T
B12 Z(t)B12 > 0.

(49)

Proof: (i) ⇒ (ii) If XT (t) is well defined for any t ∈
 [0, T ], means that FT (t) is well defined
I
0
on the interval [0, T ]. We set F1T (t) =
FT (t) and F2T (t) = 0 Im2 FT (t).
m1


0
combined with the factorization provided
Employing Lemma 24 with W =
F2T (t)
by Lemma 23 (a) in the case of matrix R + B1T XT B1 we may infer that F2T (·) ∈ KT .
On the other hand, the factorization provided by Lemma 23 (b) applied in the case of
R + B1T XT (t)B1 allows us to deduce that XT (t) satisfies (49).
In order to prove (ii) ⇒ (i) let us remark that if K(·) ∈ KT and if YT (·) is the corresponding solution of RDE (43) satisfying YT (T ) = Mf , then, one obtains
XT (t) ≤ YT (t),

∀ t ∈ I(T ).

To this end one may use Lemma 25 together with (47). Also, one shows that XT (t) ≥ Z(t),
t ∈ I(T ). Thus, one obtains that XT (t) is bounded and it can be extended to [0, T ].
B. The case of infinite time horizon
Let K∞ be the set of gain matrices K ∈ Rm2 ×n with the properties:
a) the system of linear Itô differential equations
dx(t) = (A0 + B02 K)x(t)dt + (A1 + B12 K)x(t)dw(t)
is ASMS;
b) the associated ARE
AT0K Y + Y A0K + AT1K Y A1K + MK − (Y B01 + AT1K Y B11 + LK )(L11 +
T
T
T
+B11
Y B11 )−1 (B01
Y + B11
Y A1K + LTK ) = 0

(50)
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has a stabilizing solution ỸK satisfying the sign condition
T
R11 + B11
ỸK B11 < 0


where Ajk = Aj + Bj2 K, j = 0, 1, MK =

In
K

T 

(51)
M
LT2

L2
R22



In
K


, LK = L1 +

T .
K T R12
Let us assume that the conditions hold

R22 > 0,

−1 T
M − L2 R22
L2 ≥ 0.

(52)

Consider the auxiliary system
−1 T
−1 T
dx(t) = (A0 − B02 R22
L2 )x(t)dt + (A1 − B12 R22
L2 )x(t)dw(t)

(53)

y(t) = Cx(t)
−1 T
L2 = C T C.
where C is obtained from the factorization M − L2 R22

The main result of this section is:
Theorem 27 Assume:
a) the conditions (52) are fulfilled;
b) the auxiliary system (53) is stochastic detectable;
c) the set K∞ is not empty.
Under these conditions the SARE (20) has a stabilizing solution X̃ ≥ 0 having the
following additional properties:
T X̃B
T X̃B
(i) R11 + B11
R22 + B12
11 < 0,
12 > 0.
(ii) X̃ ≤ X̂ for any solution X̂ ≥ 0 of (20) with the property R + B1T X̂B1 has m1
negative eigenvalues and m2 positive eigenvalues.
Proof: For each T > 0 let XT (·) be the solution of RDE (6)-(7) satisfying the terminal
condition XT (T ) = 0. Let K ∈ K∞ . Since K∞ ⊂ KT for all T > 0 we may conclude
according with the result proved in Theorem ?? that XT (t) is well defined for any t ∈ [0, T ]
and all T > 0. Also, one shows that
0 ≤ XT1 (t) ≤ XT2 (t) ≤ ỸK

(54)

for all 0 ≤ t ≤ T1 < T2 , ỸK being the stabilizing solution of the corresponding SARE of
type (50).
We set X̃ = limT →∞ XT (0). From (54) we deduce that X̃ is well defined.
From (51) and (54) one obtains that
T
T
R11 + B11
XT (t)B11 ≤ R11 + B11
ỸK B11 < 0.
T X̃B
T
So, we obtain that R11 + B11
11 < 0. The condition R22 + B12 X̃B12 > 0 is automatically
satisfied because R22 > 0 and X̃ ≥ 0. We set

F̃ = −(R + B1T X̃B1 )−1 (B0T X̃ + B1T X̃A1 + LT )
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F̃2 = 0 Im2 F̃ .
and F̃1 = Im1 0 F̃ ,
Employing the assumption b) one shows that the system
dx(t) = (A0 + B02 F̃2 )x(t)dt + (A1 + B12 F̃2 )x(t)dw(t)

(55)

is ASMS. In order to obtain that X̃ is just the stabilizing solution of (20) we need to show
that the system
dx(t) = (A0 + B01 F̃1 + B02 F̃2 )x(t)dt + (A1 + B11 F̃1 + B12 F̃2 )x(t)dw(t)

(56)

is ASMS. To this end we first show that there exists c > 0 such that
Z∞
E[ |F̃1 x̃(t, x0 )|2 dt] ≤ c|x0 |2
0

∀x0 ∈ Rn , x̃(t, x0 ) being the solution of (56) satisfying x̃(0, x0 ) = x0 .
In this way, we may rewrite (56) in the form
dx̃(t) = [(A0 + B0 F̃2 )x̃(t) + f0 (t)]dt + [(A1 + B12 F̃2 )x̃(t) + f1 (t)]dw(t)

(57)

where fk (t) = Bk1 F̃1 x̃(t) ∈ L2w (R+ , Rmk ), k = 1, 2, x̃(t) = x̃(t, x0 ) is an arbitrary solution
of (56).
Invoking the property of ASMS of (??) we may obtain that the trajectories of the system
(57) satisfy
lim E[|x̃(t, x0 )|2 ] = 0
∀ x0 ∈ Rn .
t→∞

This means that the system (56) is ASMS. This ends the proof.
Remark 28 One may shows that if SARE (20) has a solution X̃ ≥ 0 satisfying the sign
T X̃B
T
conditions R11 + B11
11 < 0 and R22 + B12 X̃B12 > 0 then K̃ = F̃2 lies in K∞ .
Hence, the assumption c) in the statement of Theorem 16 is a necessary condition too, for
the existence of the stabilizing solution of (20) satisfying the sign conditions from above.

Remark 29 In order to check if the auxiliary system (53) is stochastic detectable, we have
to test the feasibility of the following LMI
−1 T T
−1 T
−1 T T
−1 T
(A0 −B02 R22
L2 ) Z+C T W T +Z(A0 −B02 R22
L2 )+W C+(A1 −B12 R22
L2 ) Z(A1 −B12 R22
L2 ) < 0

Z>0
The next result may be used to test if the set K∞ is not empty.


M L2
Proposition 30 Under the assumption that
≥ 0 the following are equivaLT2 R22
lent:
(i) the set of feedback gains K∞ is not empty;

iMAJOR, vol. 1, 2016

31

(ii) there exist matrices Z ∈ Sn , Γ ∈ Rm2 ×n , satisfying the following LMI


Ξ0 (Z, Γ) Ξ1 (Z, Γ) Ξ2 (Z, Γ) Ξ3 (Z, Γ)
T

 ΞT1 (Z, Γ)
R11
B11
0
<0

T

 Ξ2 (Z, Γ)
B11
−Z
0
T
Ξ3 (Z, Γ)
0
0
−I

(58)

where we have denoted
T
Ξ0 (Z, Γ) = A0 Z + B02 Γ + ZAT0 + ΓT B02
T
Ξ1 (Z, Γ) = B01 + ZL1 + ΓT R12
T
Ξ2 (Z, Γ) = ZAT1 + ΓT B12

Ξ3 (Z, Γ) = Z ΓT ΘT


M L2
ΘT being obtained from the factorization ΘT Θ =
.
LT2 R22
If (Z, Γ) is a solution of LMI (58) then K = ΓZ −1 ∈ K∞ .

Proof: Based on Theorem 21, we deduce that K ∈ K∞ if and only if there exists Y > 0
satisfying the LMI


Λ11 (Y )
Λ12 (Y )
<0
(59)
T YB
ΛT12 (Y ) R11 + B11
11
where
Λ11 (Y ) = (A0 + B02 K)T Y + Y (A0 + B02 K) + (A1 + B12 K)T Y (A1 + B12 K) + MK
Λ12 (Y ) = Y B01 + (A1 + B12 K)T Y B11 .
Using the Schur complement technique one shows that (59) is equivalent to (58) with Z =
Y −1 and Γ = KZ.
Remark 31 If Q2 is not positive semidefinite we may perform the decomposition Q2 =
−
+
−
Q+
2 − Q2 with Q2 ≥ 0 and Q2 ≥ 0. One may check that the LMI of the form (58) with Θ
obtained from the factorization ΘT Θ = Q+
2 is a sufficient condition which guarantees that
K∞ is not empty.
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