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Abstract. We consider inversion free iterative methods for solving a discrete alge-
braic Riccati equation. We compare these iterations with Newton and Stein iterations.
Numerical experiments are executed. We conclude the inverse free iteration is com-
putational unstable.
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1 TIterative solution of DARE

Following our last paper [6] we are investigating numerical solution of a discrete algebraic
Riccati equation.
We consider the discrete algebraic Riccati equation (DARE):

X -ATXA+ ATXB(I+B'XB)"'BTXA-Q=0.

We present several iterative methods for computing the stabilizing solution of DARE.
Three of iterative methods belong to the class of iterations which avoid the computation of
the inverse matrix. The iterations have been proposed in [7, 8 [1J.

We describe iterative method (12) from [7]

Yipr = (1 — )Y, + t(2Y% — V(X' + R)Yy)
X1 = ATYE+144+Q

for k=0,1,...

where Xo=Q, Yo=(Q '+ R)"!, t>0.

(1)

Liu and coauthors [8] have proposed the following iterative method to compute the
stabilizing solution of DARE described as iteration (4.3) in their paper [8]:

Yii1 = Y (2 — (P, + R7Y))Y3)

X1 =Q+ATR'A - ATR 'Y, R7'A

for k=0,1,...

where Xo=Q +ATR'A, Vo= (Q+ ATR 1A+ R,

(2)

Recently, an investigation on the solution of DARE was published [I]. The equation
DARE is re-written of the form:

X=ATx"'+BB) 1A +0Q,
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and named EDARE. Several iterative methods are considered in [I]. All methods avoid the
computation of the inversion of a matrix.
Authors have proposed the following iterative method [IJ.

Xo=Q, Zo=Q ', Yo=(Z+BB")™!

Zi1 = Zp((y + V)In —vXkZg), >0,

Yir1 = Yi((n + DIy = 0(Zg1 + BBT)Yy), n€(0,1],
Xpp1 = ATV A+ Q.

(3)

It is well known Newton iteration [3, 4] and Stein iteration [5] for solving the DARE.
The Stein iteration has the form

Xir1 = (A+ BF,) X1 (A+ BF,) + Q + F F, (4)

where X is chosen such that A 4 BFj is d-stable and Fj, = —(I,, + BT X;,B) ' BT X, A.

2 Computational experiments

We have executed numerical experiments to solve to compute the stabilizing solution of

the DARE. For this purpose we apply the above iterations. We use a computer Intel(R)

Core(TM) i7-1065G7 CPU @ 1.30GHz via Matlab R2018b for numerical experiments.
Example 1 The matrix coefficients of DARE are

0.02 0.0025 0.1 01 0 0.2 0.2 002 0.1
A= 0.03 0.004 0 , B=a | 00 024 0 , Q=1 0.02 0.04 0.05
0.99 —-0.01 0.05 0 00 0.16 0.1 0.05 0.2

The results are following:

Case 1. a =5.0,tol = 1.0e — 12.

Iteration , t = 1.2. CPU time for 2000 runs is 0.64s, the number of iterations is 18,
and Eror = || X3 — AT(X;g' + BBT)™'A — Q|| = 2.98¢ — 13.

Iteration , CPU time for 2000 runs is 0.24s, the number of iterations is 11, and
Eror = | X11 — AT(X' + BBT)™'A - Q|| = 1.55¢ — 13.

Iteration (3), v = 1.0,7 = 1.0. CPU time for 2000 runs is 0.58s, the number of iterations
is 16, and Eror = || X16 — AT (X;g' + BBT)™'A — Q|| = 2.4e — 13.

Iteration with Xo = I,,. CPU time for 2000 runs is 0.54s, the number of iterations
is 4, and Eror = || X4 — AT X4A + ATX,B(I + BT X4B) ' BT X, A — Q|| = 2.04e — 16.

Case 2. « =4.0

Iteration , t = 1.2. CPU time for 2000 runs is 0.67s, the number of iterations is 18,
and Eror = || X153 — AT(X;g + BBT)™' A — Q|| = 5.40e — 13.

Iteration , CPU time for 2000 runs is 0.23s, the number of iterations is 10, and
Eror = || X0 — AT(X;;' + BBT)"'A - Q|| = 1.43¢ — 12.

Iteration , v = 1.0,7 = 1.0. The iteration has no convergence.

Iteration , v=1.2,17=0.9. The iteration has no convergence.

Iteration , v = 1.2,7 = 0.8. The iteration has no convergence.
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Tteration , v =1.0,7 = 0.8. The iteration has no convergence.

Iteration , v = 1.0,7 = 0.9. The iteration has no convergence.

Iteration , Xy = 1I,,. CPU time for 2000 runs is 0.42s, number of iterations is 3, and
Eror = || X3 — ATX3A+ ATX3B(I + BT X3B) BT X3A — Q| = 6.4513¢ — 12.

The computer solution via is:

. 0.368658970086272 0.018638631538141 0.114370100169365
X =] 0.018638631538141 0.040013042933014 0.049944754957701
0.114370100169365 0.049944754957701 0.203594238275183

Moreover, we compute
Fy = —(I,+BTXB)"'BTXA

—0.023903962433694 —0.000053077356792 —0.011607344642782
= —0.040332884477619  0.000238002424425 —0.002565474369451
—0.155252527254955  0.000770829369712  —0.032077436349009

The eigenvalues of A + BF; are (the matrix is d-stable):

— 0.301358093622769
0.217102303468116 .
0.004191106441295 .

Case 3. a =4.5,tol = 1.0e — 12.

Iteration , t = 1.2. CPU time for 2000 runs is 0.68s, the number of iterations is 18,
and Eror = || X153 — AT(X;g + BBT)™'A - Q|| = 4.13¢ — 13.

Iteration , CPU time for 2000 runs is 0.31s, the number of iterations is 10, and
Eror = | X10 — AT(X;g + BBT)™'A - Q|| =5.1e — 12.

Iteration (3), v = 1.0, = 1.0. CPU time for 2000 runs is 0.58s, the number of iterations
is 17, and Eror = || X16 — AT (X;g' + BBT)™'A — Q|| = 9.6e — 13.

Iteration , Xo = I,. CPU time for 2000 runs is 0.53s, the number of iterations is 4,
and Eror = | X4 — AT XA+ ATXyB(I + BT X4,B)'BTX4A — Q|| = 7.5333¢ — 12.

Example 2 We modify Example 1 with parameters o = 4.5, tol = 1.0e — 8, and

A = 22 % [0.020.0250.1;0.030.0040; 0.99 — 0.010.05]. We make experiments to compute
the stabilizing solution of DARE. The results follow:

Iteration , t = 1.2. CPU time for 2000 runs is 0.64s, the number of iterations is 22,
and Eror = || Xo2 — AT(X5,' + BBT)™ A — Q|| = 3.5¢ — 9.

Iteration . The iteration has no convergence.

Tteration with v = 1.0,7 = 1.0 has no convergence.

Iteration , Xo = I,,. CPU time for 2000 runs is 1.44s, the number of iterations is 11,
and Eror = | X11 — AT X11A+ ATX1B(I + BT X11B) " 'BTX1;A — Q| = 1.8¢ — 10.
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Conclusion

The results from the experiment show that iteration (3 is computationally unstable for this
example. This iteration is not reliable and the users must be careful when applied it.
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