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Abstract. We consider numerical algorithms and their computer realization via
Python. Numerical experiments are executed. We compare behavior of the algo-
rithms on several examples for computing the maximal positive definite solution of
the nonlinear matrix equation X + ATX™*A = I (in real case). We conclude that
the Python is an effective environment to solve matrix equations.
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1 TIterative solution of X + AT X 1A =1

We extend our last paper [10] and provide a study on numerical behavior of some algorithms
for solving the equation X + AT X~'A = I on Python. Here, the matrix A is real. There
are many examples where the matrix equation is applied and investigated, for instance
[11L 5, [6l 4] and many others.

We present the algorithm proposed in [2] ( Algorithm 1, [2]).

Algorithm 1 for matrix equation X + AT X 1A =1,

1.Introduce matrix coefficients A and a small positive number tol.

Take Xo = Yp = I (the identity matrix).

2Yp1=—-1+ Yk<3I + X — 2XkYk),

X1 =1 - A"Y 1 A

3. Stop if || Xp1 + A* X LA — I < tol.
Otherwise, k:=k + 1 go to 2.

end Algorithm 1.

Remark In [2] the stop criterion is written || X1 + A*Xi 1A —1I|| < tol. May be it’s a
mistake. It has to be (a): || Xj11 +A*X,;:1A—I|| <tolor (b): || Xpp1 +A* Y1 A1 < tol.

We slightly modify the above algorithm and re-written in the form described in Table
1. In addition, Table 1 includes the Python realization of the algorithm.
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Table 1. Algorithm 2

The Iteration A Python realization
1.Introduce an n x n matrix coefficient A and a small positive number tol.
import numpy as np
err=1, I=np.eye(n), X0=I, YO0=I, s=0
while err > tol:
2. X1 =1— A*Y,A. X1 =IT-A. TQY0@QA
3.Ypp1=—-1+ Yk(3I + Xgr1 — 2Xk+1yk), Yl =-1+ YO@(3*I+X1—2*X1@YO)
X0=X1, YO0=Y1
4. Stop if || Xpy1 + A*Ye1 A — I|| < tol. err = np.max(np.abs(X0+A.TQY0QA-I))
Otherwise, k := k + 1 go to 2. s +=1

We modify iterations (1.4) and (1.5) from [2] and derive next Algorithm 3. See Table

Table 2. Algorithm 3

The Iteration A Python realization
1.Introduce an n x n matrix coefficient A and a small positive number tol.

import numpy as np
err=1, I=np.eye(n), YO=I, J=2*I, s=0

2k=0,Yo=1,J=2x1 while err > tol:
3. X =1— A*Y,A. X0 = [-A. TQY0@QA
4. Y1 = Yie(J — X Ys). Y1 =Y0Q(J - X0@YO0)
Y0=Y1
5. Stop if || Xk + A* Y1 A — I|| < tol. err = np.max(np.abs(X0+A. TQY0QA-I))
Otherwise, k := k + 1 go to 3. s +=1

Moreover, we use iteration investigated in [§]:
Xpp1 =1 -A*X;'A, Xo=oal, 05<a<1, k=0,1,.... (1)

We describe iteration as Algorithm 4 in Python:
Algorithm 4 for iteration scheme ().
1.Introduce an n x n matrix coefficient A and a small positive number tol.
import numpy as np
from scipy.linalg import norm
Take s = 0,al = 0.8,err = 1.,I = np.eye(n), X0 =al x I,inv = (1./al) % I.
2. while err > tol:
2.1. Compute X0 = [-A. TQinv@A.
2.2. inv=np.linalg.inv(XO0).
2.3. Compute err = np.max(np.abs(X0+A.TQinv@QA-I)).
24. s +=1.
3. X0 is a solution.
end Algorithm 4.
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Further on, it is well known Algorithm 2.1, proposed by Zhang [I1]. Here, we modify
slightly Algorithm 2.1 into the following iterative scheme in the real case:

Xog=al, 05 <a<,

k=0,1,...

X, = R RY 2)
Xpp1 =1 - AT(RRRE)T'A=1— (R,* AT (R A).

The matrix Ry is a lower triangular one. We derive an algorithm to realize iteration
based on the fast procedure to compute the inverse matrix of an upper triangular matrix.
For this purpose we apply the procedure dtrtri in Python described in [12].

Table 3. Algorithm 5

The Iteration A Python realization
1.Introduce an n x n matrix coefficient A and a small positive number tol.
import numpy as np
from scipy.linalg import cholesky, norm
from scipy.linalg.lapack import dtrtri

choose al=

k=0,Xo=al,S)=+aA s=0, err=1., I=np.eye(n), X=al*I
(I, is the identity matrix). S=(1./math.sqrt(al))*A
2. k=k+1: while err > tol:

2.1. X, =1—SF [ Sp1. X = I-S.T@S

2.2. Xy = Ry RY R = cholesky (X, lower=True)
(Ry is a lower triangular matrix.) iRT, _ = dtrtri(R.T, lower=0)

2.3. Sg = dtrtri(RL)A . S=iRT.T @ A
3. Stop if | Xy + S} Sy — I < tol. err = np.max(np.abs(X+S.T@S-T))
Otherwise, go to 2. s +=1

3. X is a solution.

2 Computational experiments

We have executed iterative methods .... to compute the maximal solution of X + A*X 1A =
I. We use a computer Intel(R) Core(TM) i7-1065G7 CPU @ 1.30GHz via Matlab R2018b
for numerical experiments.

We compute maximal positive definite solution to X + A*X 1A = I.

Example 1. Consider Example 3.1 introduced in [2]. The matrix is

2 -1 3 4
1 7 6 -5 9
A_Zo 4 8 10 6 |’

-3 5 2 8

We have executed 100 runs with all algorithms for . tol=1.e-16. Results are given in
Table 4.
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Example 2. The example is introduced by Guo and Lancaster in [5].

02 0.2 0.1
A= 02 015 0.15 |,
0.1 0.15 0.25

We have executed 100 runs with all algorithms using two different values of tol. See
results in Table 4.

Table 4. Results. Comparison. 100 runs

Algorithm 2  Algorithm 3  Algorithm 4  Algorithm 5
It CPU It CPU It CPU It CPU

Example 1
tol=1.0e —16 26 0.046s 28  0.032s 25 0.115s 28 0.051s
Example 2 a=0.5 a=0.5
tol =1.e —4 34 0.086s 41 0.089s 3 0.044s 3 0.019s
Example 2 a=0.5 a=0.5
tol=1.e—8 3334 8.022s 4082  8.35s 5 0.064s 5 0.023s
Example 3 a=0.5 a=0.5
tol=1.e—7 No convergence 2210 4.87s 11 0.091s 11 0.043s
Example 4 a=0.8 a=0.8
tol=10e—16 33 0.080s 50  0.101s 47 0.208s 47 0.156s
Example 5
(1000 Runs) a=1.0 a=1.0
tol=10e—16 16 0.29s 14 0.21s 13 1.93s 14 0.28s

Example 3. The example is firstly considered in [I1] and, next, is investigated in [§].
The matrix A is defined:

i ) 0.1 —0.15 —0.2598076
A=_2_ A= 0.15 0.2125 —0.0649519
2[|Af 0.2598076 —0.0649519 0.1375

Example 4. The matrix A is defined:

0.4 —-0.08125  0.075
A=| —-0.1875  0.04125 —0.097
0.06875 —0.10625 0.0707

The results are presented in Table 4.
Example 5. We slightly modify Example 3.5 introduced in [2]. Given the matrix
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coefficient A:

6 -5 0 -9.09 6 2 —1 1 4 —46
-5 15 —44 1 7 -8 -1 3 3 —945

0 -4 15 -5 2 —6 8 9 10 2

~11 1 -5 4 -2 9 -1 -9 2 -2

1 6 7 2 —2 —10 7 5 0 —2 -5
129 2 -8 —6 -9 7 5 2 -9 —1 -7
-1.23 -1 8 -1 5 2 1106 0 —5 3

2.01 3 0 -9 0 -9 0 20 -3 1

4 3 10 2 -2 -1 -5 -3 21 -2

5.03 —11 2 -2 -5 -7 3 1 -2 7

See results in Table 4.
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Conclusion

The results from the experiment show that Algorithm 2 is computationally unstable.
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