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Abstract. We consider iterative methods for computing the stabilizing solution for
a Riccati set of equations. Numerical experiments are executed.
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Nash equilibrium strategies for differential games are studied in many papers and ap-
plications. Nash equilibrium strategies depending on a special solution of coupled algebraic
Riccati equations [3, 6] 4, 5].

The Nash equilibrium and its applicability in the machine learning classification via
support vector machines is investigated in many papers, for example [2] [9].

Consider a game with an open loop information structure. We define the cost functionals
J1, Jo for the players in a game with an open loop information structure

2
o
Ji(ul,UQ,xo) = -l-/ zT Qix—i-Zu;pRij Uj dt, (1)
0 -
J=1

In this type game the players have to choose their strategies ui,us prior to the game
start. Moreover, their information on the state of the game is the initial state zq, [I]. The
Nash equilibrium point of the game is a solution of the couple Nash-Riccati equations:

0=L1(X1,X0) = -AT X1 - X1 A - Q1+ X1 $1 X1+ X152 Xo, (2)
0= £2(X1,X2) = —ATX2 — XoA— Qo+ X5 Xo+ X051 X1 (3)

The matrix coeflicients are
(a) @1, Qg , R12, and Ro; are symmetric and nonnegative matrices;
(b) R;;' is nonpositive, i = 1,2;
(c) Bi, By are nonnegatlve matrices and (-A) is Z-matrix;
(d) S; =B;R;' B, S; =S <0,i=1,2;
(e) Siz = 323221312322132 :
Si2 =51, >0, (Riz=Rly);
(f) So1 = BiRyy Ro1 Ry BY
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So1 =81 >0, Rio=RY,, Ryy = R, .

A solution (X7, X3) has a property the closed loop matrix (A — S X{ — S2X3) is stable.
Moreover, the Nash equilibrium strategy (u},u$) is given by u! = —R;ilBZT Xixz*i=1,2
and z* solves the closed loop equation & = (A — S1 X} — S2X3)z, z(0) = xo.

1 The first iteration

To determine the minimal nonnegative solution of £;(X;, X3) = 0, i=1,2 we apply the
decoupled iteration:

WL, + A) = (I, — AT+ X{V50+ x37 90) x1Y - Q1 (4)
P00+ 4) = (01— AT+ XV8+ X376, XY - @ (5)
(YL, + ANXED =y ® 1 — A+ 57 4+ 5,70 — @ (6)
(7L + AVXSD =Y ® (1, — A+ 570 + 5, ) — Q. (7)

We set initial values Xfo) = XQ(O) =0 e R"",

2 The second iteration

The linearized process was applied to construct suitable iterative methods for computing the
minimal nonnegative solution of nonsymmetric algebraic Riccati equation associated with
M-matrices [8, [7]. Newton’s iteration needs to solve a Lyapunov matrix equation at each
(0) _

iterative step. We propose a linearized modification for the Newton method. We take X

XZ(O) = 0, and negative constant -, and construct two matrix sequences {XZ-(p ),Y;(p ) =0
i=1,2 via:
FP =L, +4—- 5 xP — 5, x{
Tl(p) =, — AT 4 Xfp)Sl + Xép)SQ ,
F2(P) — ')/In + AT o Yl(p) Sl _ }/'2(17) 52 7
Tz(p) =~l, — A+ S1Y1(p) + SQYQ(p)
F2(il7) XZ(P+1) — }/z(p) T2(P) _ QZ(YE(P)’ Y;k)) (9)

where
Qi(Zi, Zj) = Qi + Z;Si Zi + Z;S;Z; ,
with (1,5 = 1,25 #1).
Theorem 1 Assume matrices A, S = (57, 52), and Q = < @1

Q2
set of matrix equations £;(X1, X2) = 0, i=1,2 defined with - . There exists negative

v < 0, such that —(yI,, + A) is an M-matrix and I, — A < 0.

> are coeflicients of the
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The matrix sequences {Xi(p ) , Yi(p ) 122 s i=1,2 constructed by - satisfy the follow-
ing properties:

(i) :f(l > Xfpﬂ) > Y;(p) > XZ-(p) for p = 0,1,..., i=1,2 for any exact nonnegative
solution Xl,XQ of Ri(Xl,XQ) = 0, 121,2. N

(i) The matrices (—Fl(p )) and (—Fz(p )) are M-matrices for any positive p.

(iii) The mAatriAx sequences {XZ»(p ), Yi(p ) 2205
ative solution (X1, X2) to couple of Nash-Riccati equations £;(X7, X2) = 0, i=1,2. In fact

the matrix A — 57 X1 — S9 X is stable.

i=1,2 converge to the stabilizing nonneg-

3 Numerical Examples

Example 1 [I] The matrix coefficients are

4 1 1 05 5 100 1
1 -5 08 1 0 08 1 0 0.2
A= 1 1 4 1| Bl B=lo311 o]
09 1 2 —6 0 06 0 0 1

Q1 = diag [5; 0; 0.5; 3], Qu = diag [50; 4; 5; 0],
R12 = diag [400; 200; 500; 300] , and

Rip = —90 € R Ryy =200 € R,

— 400 0 0 —10
0 —100 0 0

Rag = 0 0 —200 0
—~10 0 0 —400

We compute the matrix coefficients S1 < 0,52 < 0,512 >0, and S12 > 0.

To compute the stabilizing solution of the couple of Nash-Riccati equations — we
apply linearized iteration (4)) - . Matrices X1 , and Xo are nonnegative and nonsymmetric
(open loop case):

0.7775
A 0.1569
0.2079
0.1279

0.1567
0.0678
0.1011
0.0734

0.2067
0.1007
0.1990
0.1202

0.1260
0.0726
0.1195 |~
0.2938

7.5325
Xy — 1.4048
1.7156 0.7499 1.4809 0.4807
0.8248 0.3617 0.4765 0.2154

The closed loop matrix has the eigenvalues —1.3124 , —4.8023 , —5.6708 , —6.8395 .
Set Zy = 0, we compute matrix sequences

1.4131
0.9198

1.7341
0.7526

0.8439
0.3661
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v £0)
{v; = 1(2.) }and {Z; = %i) } via following iterations
Y, Z;

Yip1(WIn + A= SZ;) = (vlon — D)Z; — Q (10)
(vIon + D —Yi418) Zipq1 = Yipa(vIn — A) — Q, (11)

Example 2 We define the coefficients as follows:

—-2.74 0.06 0.015 0.099 0.5938

A— 0.2 —-25 0.064 0.08 B, — 0.2985
0.004 0.15 —2.56 0.09 |’ ! 049 |~

0.14 0.12 0.21 —-2.57 0.98

28 0 0 O
0 2.9 0 0
0 0 284 15 |~
0 0 15 1.3

Qi=eye(4,4)/2; Q1(1,1)=2.0; Q1(4,4)=1.5;

Q2 = 0.5 % Qq;

Ri1 = —1.909 ce RM¥1;

Rgo = -eye(4,4);  Rao(1,1)=-50; Ra2(4,4)=-30;

We execute algorithms for different values of v and compare results. The values of ~y are:
v=-5,y=—-3,7=—1and v= —0.75. Table 1 involves the results for different values
of 7. The average CPU time (avCPU) is available for 100 runs. Additional computational
advantages of (4))-(7) are (a) the algorithm easy to extend for parallel computations; (b) the
algorithm computes only one inverse matrix, that is (yI, + A)~!, which is an n x n matrix.

According to Table 1, we have seen the both iterative methods need the same number
of iteration steps for v = —1 and v = —0.75. Moreover, the DMLNM is faster than the
LNM for all values of . Yet, the conclusion is that the DMLNM iteration is faster than
LNM and effective one for small values of |v]|.

Table 1 . Comparison of LNM and DNLNM for the minimal solution

LNM (10)-(11) DMLNM (4)-(7) (8)-(9)

~y avlt avCPU avlt avCPU  avlt avCPU

By =

seconds seconds seconds
-5 43 0.063 55 0.06 43 0.096
-3 26 0.084 37 0.047 25 0.055
-1 23 0.04 22 0.029 22 0.049
-0.75 30 0.066 22 0.035 30 0.065
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