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Abstract. In this paper, we consider the nonsymmetric algebraic Riccati equa-
tion arising in computing a Nash Equilibrium two-player linear quadratic differential
games for positive linear systems with an open loop information structure. We im-
prove the existing methods for finding the Nash equilibrium, such as the Newton
method and Sylvester method. The proposed improvements follow the new ideas.
Moreover, the convergence properties of the proposed modifications are investigated
and the sufficient conditions to apply the modifications are derived. The performances
of the proposed algorithms are illustrated on some numerical examples.
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1 Introduction

We consider the Riccati equation

AT 0 X X X X

(0 ) ()-(2) (&) () s () w
where —A is a n X n Z-matrix, B; is an n X m; nonnegative matrix, S; = B; Rj_j1 BJT
(S5 = SJT) is a nonpositive matrix, (); is an n X n symmetric nonnegative matrix, R;; is
an m; X m; negative definite matrix for j = 1,2 and X3, Xy are n X n unknown matrices.
In this paper we use the following notations: R™*S stands for n x s real matrices. The
inequality X > 0 (X > 0) means that all elements of the matrix X are real nonnegative
(positive) and we call the matrix X nonnegative (positive). For the matrices A = (a;j)
and B = (b;j), we write A > B (A > B) if aj; > bij (a;; > b;;) hold for all indexes ¢ and
j.- An n x n matrix A is called a Z-matrix if it has nonpositive off-diagonal entries. Any
Z-matrix A can be presented as A = sl, — N with N being nonnegative matrix, and it
is called a nonsingular M-matrix if s > p(IN), where p(NN) is the spectral radius of N. A
matrix A is called asymptotically stable if the eigenvalues of A have a negative real part.
A symmetric matrix A is called positive definite (semidefinite) matrix if all eigenvalues are
positive (nonnegative).
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We exploit the fact that the following statements are equivalent:
(a) A is a nonsingular M-matrix;
(b) I, ® (—AT) + (—=AT) ® I, is a nonsingular M-matrix;
(c) A is asymptotically stable,
for a Z-matrix (—A).
We apply a property of the matrix equation AXB=C, i.e. it is equivalent to the linear
system (BT ® A) vec X= vec C, where the sign ® denotes the Kronecker matrix product
and the vec operator arranges the columns of a matrix into a column vector.

1.1 The Newton method (NM)

The Newton method for finding the Nash equilibrium of a nonsymmetric algebraic matrix
Riccati equation in a two-player linear-quadratic differential game is proposed in [4] [1J.
The Newton method (NM) is introduced by G. Jank and D. Kremer in [4] with following
iteration

(D — KlS)KZH + Kz'+1(A — SKZ> =-Q—-K;SK;,i=0,1,2... (2)

AT 0 Q1 K,
Dz( 0 AT),Q:(Q2>,S:(51 Sg)andK:(K2>.

The following theorem proves that the Newton matrix sequence converges monotonically to

where

a nonnegative solution.
The right side of the equation (1) we denote with R(X).

Theorem 1 (Theorem 5, [4]) Suppose additionally for the nonsymmetric Riccati equa-
tion positive system
T = Ax + Biuy + Bouo, a;(O) = 20, (3)

that the matriz —A is an M-matriz and Q; > 0,1 = 1,2 and S < 0. Assume further that
there exists a P > 0, such that R(P) > 0, then the Newton sequence {X;}icn initialized
with Xo = 0 s well defined and converges monotonically to a solution X > 0. X is the
smallest solution in the set of all nonnegative solutions.

1.2 The Linearized Newton method (LNM)
The linearized Newton method is used by C. Ma and H. Lu in [3]. Set Zy = 0, we compute
matrix sequences {Y;} and {Z;} via following iterations
Yisr(vIn + A= S8Z;) = (vI2n — D)Zi — Q (4)
(Vlon + D = Yi418)Ziv1 = Yir (vIn — A) — Q, (5)

for i =0,1,2,... and v < 0, as sequence {Z;} converge to the solution K, when i converge
to the infinity. [3]
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2 Improved methods and convergence properties

2.1 The Newton Method with Parameters (NMP)
We use iteration and written it in the form
KA - SKOD) - (D - KWK+ = Q4+ KWSK® i =0,1,2...,
and we produce improved iteration
KWYBL+A—SKD) + (aly, + D KOS KHY) = _Q - KOSK® 4 (a4 8)K®, (6)

where o and (8 are negative numbers, ¢ = 0,1, 2....
We introduce a cost functional

0o 2
Jilun, us) = / (7 Qix + > uf Rijuj)dt,
0 .
7j=1

for i = 1,2, which is minimized and input function u; for ¢ = 1, 2 is strategy for each player.
We introduce a matrix function

P(X)=-DX - XA—Q+ XS5X.

Lemma 2 Suppose that —A € R™*" is a nonsingular M-matriz, 8 is negative real number
(=8 >0) and C = —BI, — A, then C is a nonsingular M-matrixz. (see Lemma 2.4 in []]]).

Proof: Since —A € R™" is a nonsingular M-matrix, then there exist s > 0, N > 0,
such that —A = sI,, — N and s > p(N). We have

C=-BI,—A=—BI,+sl,—N=(s—B)I,— N, s— > p(N).

Therefore C is a nonsingular M-matrix. The proof ends. For the convergence of the
method we prove the following theorem:

Theorem 3 For the positive system (@, suppose that the matric —A is an M-matriz.
Assume that the matriz Q > 0 and S <0 (S; = BjR;lejT,j =1,2). Assume further that
N K " .
there exists a X = ( Kl ) >0, such that P(X) > 0, then the Newton sequence { K }icn,
2
K© =0, converges monotonically to a solution K > 0. The solution K is the smallest

solution in the set of all nonnegative solutions.
Proof: } o o
P(X) >0 = -DX-XA-Q+XSX>0 =
XSX > XA+ DX + Q. (7)

The initial matrix K(© = 0, the first element K1) of the Newton sequence we calculate
from the Sylvester equation

— KW (BI, + A) — (aday + D)KHD = Q,
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which can be written as a linear system of equations in the form
(=81, — A)T @ Iy 4+ I,, ® (—ady, — D) vec KU = vec Q,
where vec : R — RUX1 et
LW = (=L, — A+ SKT @ I, + I, ® (—aly, — D+ KV9)],
1=0,1,2,..., where a and 8 are negative numbers. For i = 0 we write the equation as
LO pee KU = pec Q.

As —A is an M-matrix ((—A)~! > 0), we apply Lemma [2| and hence —31I, — A is an
M-matrix. The matrix

(AT o
(_D)1‘< 0 <<—A>T>—1>

hence —D is an M-matrix. Since o < 0 combine to Lemma we obtain that —als, — D is
an M-matrix. Hence L(9) is an M-matrix, which is equivalent on (L(®)~1 > 0, we conclude
that K1) > 0.

We will prove by induction the following statements for ¢ = 0, ...:

>0,

(A) K < g+,
(B) KO < X;
(C) LY is an M-matrix.

We will prove these properties for i = 0:

(A) K© =0 and we prove that K1) >0, hence 0 = K© < K1,

(B) K© =0 and we assume that X > 0, hence 0 = KO < X.

(C) above we have proven that L) is an M-matrix.

Assume that K@ < K0+ K@ < X and L is an M-matrix for i = k > 0. We will prove
the statements (A)-(B)-(C) for i = k + 1.

To prove statement (B) for i = k + 1 we use @ and P(X) > 0. We consider the matrix

(X — K*) B, + A — SKW) + (aly, + D — K®S)(X — Kk+D)
= BX +XA-XSK® 4+ aX+DX - K®sX +Q+K®SK® — (a+ B)K®
<XSX+ (a+B)(X—-K®)—XsK® — g® X + Kk®) gK®)
= (X - K®M)SX - K®) + (a+ )X - K®) <o,
we assume that X — K*) > 0,S<0and a+ 8 < 0. As L is an M-matrix we conclude

that X — K*+1) >0, hence K* 1) < X,
We will prove statement (C) for i = k + 1 as we use @, P(X) > 0 and the following
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equality:

— K81, + A — SKEH)) — (aly, + D — K*+D gy g (k+1)
= —K* (81, + A— SKFVSK®) _ (oL, + D — K*+D§K K §) g (k+1)
— KB, + A — SKW) 4 gD g k1) (k)

— (alyn + D — KPS KD (KD _ g(R)) g (h+1)
=Q+KPSK® — (a4 B)KF 4 KEHD g(gk+D) _ (k)

+ (KD k) g (kD)
= (KD — KO g(KEHD — KRy 4 Q — (o + KR + K*+D gkt

ie.
—K(k+1)<5ln +A— SK(’H—I)) _ (OZIQn +D— K(k+1)S)K(k+l)
= (KD — KO g(KEHD_KF)) L Q — (o + B)K®) + KD g (k1) (8)

We consider the matrix
(X — K**OYBI, + A — SKEH)) 4 (aly, + D — K*D gy (X — k(D)
= X(BI, + A — SK*TV) ¢ (aly, + D — K*D8)X
— K31, + A — SKEH)) — (aly, + D — K*+D g) g (+1),

we use and @ and we obtain

= (KD — g gD — gy 4 (X — K*HD)g(X — K F+D)
+(a+B)(X - KW) <o,
as X — K+ > 0 from (B) and assume that o + § < 0 and K®) < K&+ We conclude

that
LEHD yee (KFH) — X) < 0

and L +1) is a Z-matrix, and therefore also M-matrix. We will now prove property (A) for
i =k + 1. We consider the matrix

(K(k+2) - K(kJrl))(BIn +A— SK(k+1)) + (OéIQn +D— K(k+1)S)(K(k+2) - K(k+1))
= K (8L, + A — SKEDY 4 (aly, + D — KD g) g (+2)
_ K(k+l) (Bln + A— SK(k+1)) _ (OZIQn +D— K(k+1)S)K(k+1),
we use and iteration @ for ¢ = k + 1 than we obtain
= (KD — KO gD — Ry 4 (o 4 B)(K*HD — KBy < 0,

as per admission K 1) — K(*) >0, § <0 and a+ 8 < 0. Hence K*+2) — (:+1) > je.
K(k+2) > K(k—i—l)'

The Newton sequence is monotonically increasing and bounded by X, hence the Newton
sequence has a limit and we denote it with K, i.e. lim; o KW = K > 0. 0
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2.2 Improved Iteration Method Sylvester II with Parameters (SIIsupP)
We use Sylvester II speed up iteration
— (AT = xP g x Y x4 g xD — g, x(0) = @y + XD g x D),
— (AT = xP e x (Y — x4 — 5 X0 — 5 XY = @y + XV 5 x )
from [2] and we produce improved iteration
—(al + AT = xPs)x Y - X (gr 44— 51X — 5, x5 )
= Qi+ X5 X" — (a4 8)x,
—(al + AT = X 8) x5 _ x0Tt (51 + 4 — 5, X — 8,x (")
— Qo+ X5, X5 — (a4 8) XY,
where « and 3 are negative numbers, i =0,1,2,...

To study the properties of the method @D— we will introduce the following two
matrix functions:

Pl(Xl,XQ) = — (OJI + AT — X151)X1 — Xl(ﬂ] + A - SlesQXQ)
— Q1 — X151 X1 + (a+ B) Xy,

(10)

(11)
PQ(Xl, Xg) = — (OzI + AT — XQSQ)XQ — Xg(ﬁf + A - Slengg)
— Q2 — XQSQXQ -+ (Oé + 5)X2
We use some algebraic manipulations and we derive the identities
Pl(Xl,XQ) = — (Oz[ + AT — Y151)X1 — (Yl — Xl)Sle — 1
—X151Y1 — Xl(ﬂf + A— SlYlSQYQ) — XlSQ(YQ — XQ) + (Oé + ﬂ)Xl, (12)

PQ(Xl,XQ) = — (a[ + AT — YQSQ)XQ — (Y2 — XQ)SQXQ — QQ
—X259Ys — Xo(BI + A — S1Y152Y2) — X251 (Y1 — X1) + (o + 8) Xo,

where Y7 and Ys are symmetric matrices with corresponding dimension.
For the convergence of the method we prove the following theorem:

Theorem 4 Assume there exists two nonnegative matrices X and XO) such that 0 <
X0 <X P(x? x) <0, B(x!? x{") <0 and Py(X1,X5) >0, Py(X1,X2) > 0.
The initial matriz X©) = diag(X{O), Xéo)) we choose, so (—(al + AT —X](-O)Sj)) forj=1,2
and (—(BI + AT — XfO)Sl - X2(0)52)) are M-matrices, where a and B are negative numbers,
and I is n X n unit matriz. Then, the matriz sequences {XY),XQ(Z) s defined by (@-{@,
satisfy:

(i) XD > X0 =0,1,2,...;

(i) X0H) <X, i=0,1,2,...;
(iii) (—(al + AT — X'VS)) for j = 1,2 and (—(B1 + AT — X{™V8) — X§77V8,)) are
M-matrices for i =0,1,2,...; '

@U) The matriz sequences {X{Z),XQ(Z) o converge to the nonnegative minimal solution
X = (X1, X2) to the Riccati equation (1)), where X < X.
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Proof: We apply to P1(X1,X») for X; = X'j, j = 1,2 and we obtain
ATXy + XA = =Py (X1, X2) + X151 X1 + X155 — Q1. (13)
We denote
L = —[(BI + AT = X781 — X8) @ I + I, @ (al + AT — X\V3;)], (14)
for j=1,2,¢=0,1,2.... From iterative formula @ we express
AT x ) _ (i) 4 " z+1 xW g, x(+) _ x+) g ¢
1 1 - (l+1)ﬁ) (4) . 1(i)1 (4) 1 1 1(') (15)
XTS5 Xy + 1+ X751 X — (a+ 6)X

Let there exists two nonnegative matrices X and X(@, such that 0 < X(©) < X,

Pi(x?, x{”y <0 and P;(X;,X;) > 0 for j = 1,2. From
PxO xy = (ar+ A7 - xVs)xV - xOr+ a4 - 5,x9 - 5,x1%)
— Q- X"51X1" + (a+ 8)X{"” <
that P (X(O) XQ( )) ng) < 0. The initial matrix X(© = diag(XfO),XQ(O)) we choose, so
(—(al + AT — S;)) for j =1,2 and (—(BI + AT — XfO)Sl - XéO)SQ)) are M-matrices.
We will prove that X ( ) Xfo) is a nonnegative matrix. We consider the difference between
iterative formula @ at 1 =0 and Pl(Xfo), Xéo)):
0—Fy (X§0)7X2(0))
— —(al + AT —xOs)xM - xMEr+4-5x0 - 5x0)

~ Q- X"5X" + (o + )X}
— [~ (I + AT —xOa)x© - xOpr+a-5x9 - 5,x1%)
— Q= XV X1 + (a+ 8)X{"),

i.e.
Q" = —(al + AT — x5 (xV — x{*)
—(x{V = x)(BI+ A 51X — 5,x).

This is a linear matrix equation of Sylvester against the unknown matrix (X 1(1) -X fo)). We
find the solution by solving the linear system of equations:

(—(BI+ A= $1x{" = $x) ) @ I,
+ 1, ® (—(al + AT — X981 )] vee (X — XY = —vec @V
or

(81 + AT = X{"81 = XJS0)) 0 I,
+ 1, ® (—(al + AT — Xl(O)Sl))] vec (Xl(l) - Xl(o)) = —vec ng).
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Therefore, using at j = 1 and ¢ = 0 the equation yields the form
Lgo) vec (Xfl) — X{O)) = —vec ng).

The matrix X(©) = diag (X{O), Xéo)) is a nonnegative matrix and (—(al + AT —X{O)Sl))
and (—(BI + AT — X§0) S — Xéo) S3)) are M-matrices. Then we obtain that the matrix Lgo)
is an M-matrix, and this means that (Lgo))_1 > 0 and since —uvec ng) > 0, then

vec (Xl(l) - Xfo)) = f(LSO))_lvec ng) >0,

which means Xfl) - Xfo) > 0, or Xl(l) > Xfo). The inequality Xél) > XQ(O) is proved
analogously. Hence
x @ > x(0)

Thus we have proven property (i) at ¢ = 0. We will prove property (ii) at ¢ = 0. We
know that the matrices (—(af + AT — XfO)Sl)) and (—(BI + AT — XfO)Sl - XéO)SQ)) are
M-matrices. The aim is to prove that the matrix X1 —X 1(1) is nonnegative matrix. We form
the matrix

(oI + AT — xVe)(Xy - x4+ (X — xYBr+ 4 - 5, x19 — 5, x{V) (16)
and we calculate for it
= (al + AT - XxV8)X; — (oI + AT — xW g xW
+ X8I+ A— 5 X9 — 5 x0) - xW a1+ 4 - 5,x10 — 5,x{%)
=aX; + ATX; - X8, Xy + 8%y + X4 - X159 X\Y) — X8, x
+ Q1+ X985, x) — (a4 g)x°.
Therefore, using for the matrix we obtain

= — P (X1, X9) + X181 X1 + X199Xy — Q1 + aX; — Xfo)Slfﬁ
+ X — X151X£0) - X152X2(0) + Q1+ Xfo)Sleo) —(a+ 5)X£O)
= —P(X1, X)) + (X1 = XD)s X% — (X - x0) 5, x @
+ X15(Xa — X{) + (a+ 8) (X1 — X{”)
= —Py(X1, X0) + (X1 = XD)s (X — XY 4+ X185(X, — X1y
+(a+ B) (X1 — x{”)
(1)

= 1 .

We assume that P1(X1,X2) > 0,9 and So < 0, X; and X5 > 0, a+ 3 < 0, and
Xj > XJ(O) for j = 1,2. Hence, the matrix Nl(l) is nonpositive, Nl(l) < 0. Thus the matrix
sets the following matrix equation

—(l+ AT = xVs) (X = x) - (X = x)Br+ A -5, X9 — 5, x{Py = —NV >0
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or
L( )vec (X1 — X(l)) —vec N(l)

Hence, X; — Xfl) >0, or X; > X1( ), Analogously, we will prove the inequality X, > XQ(I).
Therefore
X >xW.

We proved property (ii) at ¢ = 0.
We will prove property (iii) at @ = 0. We consider the matrix
(ol + AT — xWe) (X - Xy + (X - xBr+ 4 -s5xP —soxMy. an)
Using , and at ¢ = 0 we obtain

= —P(X1, Xo) + (X; — X§1))S1X1 + X185(Xy — Xél)) - Q1 — X151X§l)
+(a+8) X+ (xV - (°>)S xM - (xM - xMs x4 @
x(six{t - (a+#)x{” + x{Vs(x{? - x{7)
= P (X, X)) + (X — XU ))Sle + X180 (Xy — X)) — (X — xW) g x W
+(a+B) (X - X+ (x{V - xNs(xtV - x{0) + x{Vs(x) - x17)
= — Py (X1, X)) + (X1 — XID)sp(Xy — x4+ X185 (X, — x8Y)
+(a+B) X - X+ (x{! - xNs(xtY - x{V) + x{Vs (x5 - x17)
= R,

Hence,
(al + AT - xVs) (X — Xx) + (X1 - X (B + A - 51x1Y — Sox57) = R,

Since X; > 0, P;(X1,X2) > 0, X, — XV > 0 for j = 1,2, and XV > 0, X; - x\¥ > 0,
XM - XV >0, 8 <0forj=1,2 a+ 8 <0, then R’ <0
We consider the matrix X; — X 1(1) as a non-negative solution to the Sylvester equation

in the form
—(al + AT — xWe) (X, — xy — (X - xBr+4-5x0 — g xMy = —RrWY.
We present the solution:
0 < vec (X — Xfl)) = —(Lgl))*lvec rRY, (—vec Rgl) > 0).

Therefore (L(ll))’1 > 0, i.e. the matrices (—(aI—}—AT—Xfl)Sl)) and (—(BI—i-AT—Xfl)Sl —
X2(1)S2)) are M-matrices.

Analogously, we will prove that (Lgl))*1 is a nonnegative matrix, i.e. the matrices
(—(afl + AT — X§1)52>) and (—(BI + AT — Xl(l)Sl - Xél)Sg)) are M-matrices.
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We proved property (iii) at i = 0.
Assume that the statements: X1 > X >0, X(+D) < X (—(al + AT — XJ(ZH)SJ')) for

j=1,2and (—(BT+ AT — X{""V g, — x{™™) 6,)) are M-matrices, are fulfilled for i = k > 0.
We will prove the statements for ¢ = k£ + 1.

(ar1) XE+2) > XEHD > 0

(br1) XFH2 < X;

(cry1) (—(al + AT — XJ(.k+2)Sj)) for j = 1,2 and (—(B1 + AT — X£k+2)81 — X§k+2)5’2)) are

M-matrices.

We will prove the statement (ag41). We calculate X£k+2), X§k+2) via @—. Since matrix

coefficients in @— at ¢ = k+1 are M-matrices, then the solutions found are non-negative.

At first we will prove that Pj(kaH),XékH)) for 7 = 1,2 are non-positive matrices. We
apply to Pl(Xl(kH), Xékﬂ)) and obtain
Pl(X£k+1),X§k+l)) _
= —(al + AT - xPg)x*D _ (x® _ xFHyg xF+) _ g, — xFg x*)
. X§k+1)(ﬁf—{— e SlXik)SQXék)) _ X§k+1)52(X2(k) . XékJrl)) + (a + 6)ka+1)

Using at i = k we write

Pl(X{k—H),XQ(k—H)) _ Ql + X{k)leYc) - (a + B)ka) . (X£k) _ X£k+1))51X£k+1)
. Ql . Xl(k-i-l)SlX{k) . X£k+l)SQ(X§k) . X;k:-i-l)) + (Oz + ,B)ka—H)
_ _(kaﬂ) B X{k))lefk) n (Xl(kJrl) _ X{k))leka)
+ XS (XY - X + (0 + B) (Y - x{)
_ (X£k+1) B X{k))sl(Xl(kJrl) B ka)) +X1(k+1)SQ(X§k+1) B X2(k))
+(a+B) (XY = x{Y) <o,

i.e. function Pl(kaH)sz(kH)) < 0, since ka“) > ka[ Xékﬂ) > Xék), kaﬂ) >
0 and o + 5 < 0. We obtain that 1 (kaﬂ)aXékH)) < 0 and analogously hence that
Pz(X§k+1)7X2(k+l)) <0.
‘We consider the difference between iterative formula @ ati = k+1and Pi( kaﬂ), X§k+1))
represented by (LI)):
0 — Py (XY, x5
= —(al + AT _ kaH)Sl)XfHQ) - XYHZ) (BI+ A — S1X1(k+1) - SQXQ(kH))
C[(al + AT - xFD g x D x D g o4 g x D g, x (D)
— Q- X§k+1)51X£k+1) Y (a+ B)ka—l-l)}.
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We denote ngﬂ) = Pl(kaH),XékH)) and obtain
QW) — _(af 4+ AT — x D gy (x (2 _ x (kD)
— (X - X 1+ A - six (T -5, x ),

this is a linear matrix Sylvester equation to unknown matrix (X fk“) -X 1(k+1)). We find
the solution by solving the linear system of equations:

(~(B1+AT = X Vs — xS @
+ 1, @ (—(a + AT — X'V g ) vee (X — x D) = _yvec QIFTY.
Using for j =1, i =k + 1 we rewrite the equation

L§k+1)vec (ka”) 7 X1(k+1)) C o vec ngﬂ)'

The matrices X§k+1), Xékﬂ) are nonnegative and relevant matrices (—(al + AT —
X{k+1)Sl)) and (—(BI + AT — X{Hl)Sl — XékH)Sg)) are M-matrices. Thus the matrix
L(lkH) is an M-matrix and that means that (Lg’”l))*1 > 0. And since —vec ngﬂ) > 0,
then vec (X}k“) —kaﬂ)) = —(Lgkﬂ))*lvec ngﬂ) > 0, which means ka“) —X1(k+1) >0,
or X{kﬁ) > kaﬂ). Analogously, the inequality X§k+2) > Xékﬂ) can be proved. Therefore

X(k+2) > X(k+1)‘
With this we proved a property (aji1)-
We will prove property (bxy1) at i =k + 1, i.e. X, > Xl(k+2) and Xy > X§k+2). We know

that the matrices (—(al + AT — kaH)Sl)) and (—(BI + AT — X{kH)Sl - XékH)Sg)) are
M-matrices. We form the matrix

(af + AT = X{" D 81) (%) - X{) + (X1 - x{) (81 + A— S x (MY — 5, x (M), (18)

The aim is to prove that the matrix X, — X£k+2) is nonnegative. Using iteration @) at

i=k+1and for the matrix we obtain

=P (X1, X)) + (X; — ka“))gl()i’l _ X§k+1)) + X185(Xs — Xék:-i—l))
+Ha+ B) (X — XYy = N2,

Then the matrix (18 sets the following matrix equation
k 5 k
— (a + AT — XxFVg) (X, — x )
— (X1 = X1+ A — 5, x D _ gy x () — N >,
Using for j =1, i = k + 1 we rewrite the equation

Lgkﬂ)vec (Xl - X§k+2)) = —vec N1(k+2).
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Xj(kﬂ) for j = 1,2, a+ 8 < 0. Hence the matrix N1(k+2) is a nonpositive, N1(k+2)

Hence Xl — Xl(k+2) >0, or Xl > ka”). Analogously, the inequality Xg > X2(k+2) can be
proved. Therefore

Since Pl(Xl,XQ) > 0, S1 and Sy are nonpositive, Xl and Xg are nonnegative, X'j >
<0

With this we proved a property (bgi1).
We will prove property (cxy1) at @ = k + 1. We consider the matrix

(ol + AT - xF gy (X - xF) 4 (X — xFh a1+ A— 5, x ) _ g, x 2y (19)
Using iteration @D att=k+1and we obtain

(of + AT — xF gy (X — x )
+ (&= X®D) @14 A — g xEHD _ g, x 42y
= (a+B)X1 — XFg X — X5 x5 _ X5, x Y
— Pi(X1, X2) + X151 X1 + X15:X> — Q1
+ X£k+2)SlX1(k+2) + X{k+2)51X£k+2) + X{HQ)SQXSCH) _ kaH)SlX{k’LZ)
. X£k+2)SlX1(k+l) . X§k+2)SgX§k+l) + Ql + X{kJrl)SlekJrl) . (a + B)X£k+1)
= (a+B) (X1 — XF)y 4 (X, — xFg Xy — X5 x K
+ X155(Xa — X$) Z PRy, o) + (XD Z x Dy g (k42 _ (k)
+ X£k+2)SQ(X§k+2) . Xék—‘rl)) + X§k+2)SlX£k+2)
= (a+B) (X1 = X{") + (X - X8 (X - x {7
+ Xlsg(Xg . X2(k+2)) . Pl(Xl,XQ) + (X§k+2) . X£k+1))SI(X£k+2) . ka‘i’l))
+X:Ek+2)52(X§k+2) . X§k+1)) _ ng-i-z)'

That’s how we came to equality

(al + AT — x5 (X, - xF)
F (K- X£k+2))(51+ A— 51X§k+2) _ S2X2(k+2)) _ ngﬁ).

Since X; > 0, P;(X1,X) > 0, X; — X" > 0 for j = 1,2, X" >0, 8; <0 for
j=1,2, a+ < 0, and we have already proven Xj(k+2) — X](.kH) > 0 for j = 1,2, then
R§k+2) < 0. Consider the matrix Xl - X{kH) as a nonnegative solution to the Sylvester

equation

— (X = XY (BI+ A 5 X — 5, x ) = R,
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We present the solution:

0 < vec (X — kaﬁ)) = —(Lgkﬁ))*1 vec ngﬁ), (—vec ngﬂ) > 0).

This means that (Lgk’dﬂ))*1 is a nonnegative matrix, i.e. the matrices (—(al + AT —

X{781) and (—(B1 + AT = X;"5) — X3 5y)) are Mematrices.

Analogously, it is proved that (Lgﬁz))_1 is a nonnegative matrix, i.e. the matrices (—(af +

AT — X§k+2)52)) and (—(BI + AT — X{k”)Sl - X§k+2)82)) are M-matrices. With this we
proved a property (Cg41)-

Hence, the induction process has been completed.

Consequently the matrix sequence {X fi), Xéi) 72 is monotonically increasing and bounded
above by Xl, X5. We denote lim;_,o (X{i),XQ(i)) = (Xl,Xg). (5(1,)2'2) is a solution of
the equation with the property Xj < Xj for j = 1,2 and matrices I,, ® (—(al + A —
S$1X1)T) + (=(BI + A — $1X1 — S2X0)T) @ I, and I, @ (—(od + A — S2X2)T) + (—(BI +
A—81X| — S9X5)T) ® I, are M-matrices.

The proof is complete. 0

3 Numerical Experiments

We will now describe numerical experiments for calculating the stabilizing solution of the
studied equation . To find the solution, we will use the described iteration algorithms
the Newton Method (NM), the Newton Method with Parameters (NMP) and the Linearized
Newton Method (LNM). As the matrix coefficients are formed by Matlab’s random number
function randn (R2009b), we will do a series of experiments. We will fix the dimension of
n and we will seek the solution by any of the methods described. As a result of the experi-
ments for each value of n and each method we will note the following parameters: ”Max It”
the highest number of iterations, "Av It” average number of iterations and ”CPU time”
processor time.

Example 1. The matrix coefficients are:

a=-0.001;
£5=-0.002;
=4

for k=1:200

A=abs(randn(n))/99;

s=max(abs(eig(A)))+4.5;

for i=1m, A(i,i)=-(A(i,i))-s; end

B; = zeros(n,1); B;(1)=abs(randn(1,1))/5;

By=eye(n,n); Bz(n,n)=n/3;

Q1=zeros(n,n); Q1(1,1)=n/5; Q1(n,n)=1.5;

Ry1=-1,

Q2 = Qu;

Rggz—eye(n,n); R22(1,1)2—40; Rgg(n,n):—?)o;

To conduct the experiment, we change the dimension n = 12 and 25. We have 200 runs for
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Table 1.

NM (2) NMP () LNM (4) - (5)

n mazxlt avit CPU maxIt avit CPU maxlt avit CPU

12 3 3 0.705s 4 4 0.785s 5 5.00 0.534s
25 4 4 2.246s 4 4 1.618s 6 5.02 1.220s
Table 2.

NM (2) NMP (6) LNM (4) - ()

n mazxlt avlit CPU maxIt avit CPU maxlt avit CPU
12 3 3 0.894s 5 4.09 0.952s 4 4.00 0.583s
25 4 4 2.532s 5 5.00 2.445s 5 4.25 1.424s

each value of n, repeat this 10 times and we calculate average values for ”Max It”, " Av It”
and "CPU time”. The results are described in Table 1.

For matrices of larger size the Newton Method with Parameters is faster than the New-
ton Method. The Linearized Newton Method is faster than the Newton Method and the
Newton Method with Parameters at different sizes of the participating matrix coefficients.

Example 2. The matrix coefficients are:

a=-0.001;
£=-0.003;
v=-1.5;

for k=1:250

A=abs(randn(n))/100;
s=max(abs(eig(A)))+1.5;

for i=1:m, A(i,i)=-(A(i,i))-s; end
Bj=abs(randn(n,1))/10;

By=eye(n,n); Ba(n,n)=n/5; By(1,1)=n/10;
@1=zeros(n,n); Q1(1,1)=n/5; Q1(n,n)=1/n;
Q2 = Qu;

Ry1=-1.5;

Ros=-eye(n,n); Ro2(1,1)=-50; Ra2(n,n)=-20;

To conduct the experiment, we change the dimension n = 12 and 25. We have 250 runs
for each value of n, repeat this 10 times and we calculate average values for ”Max It”, ” Av
It” and ”CPU time”. The results are described in Table 2.

The Linearized Newton Method is faster than the Newton Method and the Newton
Method with Parameters at different matrix coefficient dimensions.

Example 3. The matrix coefficients are:
a=-0.001;
£=-0.002;
¥=-5;
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Table 3a.
NM NMP (6)
n  mazlt avit CPU maxlt avlit CPU

25 3 3 0.64s 4 4.0 0.88s

50 4 4 3.17s 5 4.5 3.77s

75 4 4 8.93s 5 5.0 11.39s

100 4 4 23.14s 5 5.0 28.45s

125 5 4 56.09s 5 5.0 73.65s
Table 3b.

LNM () - SIsupP (9) -

n mazxlt avlt CPU maxlt avit CPU

25 ) 5.0  0.64s 4 4.0  1.62s
50 ) 5.0  2.07s ) 2.0  5.70s
75 6 5.4  4.52s 6 5.2 13.74s
100 7 6.0  9.63s 7 5.9 39.47s
125 7 7.0 26.02s 8 6.4 93.55s

for k=1:100

A=abs(randn(n))/50;

s=max(abs(eig(A)))+4.5;

for i=1:mn, A(i,i)=-(A(i,i))-s; end
Bj=abs(randn(n,1))/10;

By=eye(n,n); Ba(n,n)=n/5;

Qi=eye(n,n); Q1(1,n)=n; Q1(n,1)=1;
Q2=0.5%eye(n,n);

Ri1=-1.5;

Ros=-10*eye(n,n); Roo(1,1)=-30; Raz(n,n)=-20;

We change the dimension n: n = 25, 50, 75, 100 and 125. We have 100 runs for
each value of n with each of four methods the Newton Method, the Newton Method with
Parameters, the Linearized Newton Method and the Sylvester II speed up Method with
Parameters. The results are described in Table 4.

The linearized Newton method remains the fastest.
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