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Abstract. We investigate a nonsymmetric Nash-Riccati equation which has arisen
in linear quadratic games for positive systems. There are papers where the stabilising
solution of the nonsymmetric Nash-Riccati equation is computed applying the Newton
procedure in the literature. Here we introduce the decoupled modification of the
linearized Newton method. We provide numerical experiments with the new iteration
and compare the results with the classical linearized Newton method.
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1 Introduction

We investigate the nonsymmetric matrix Riccati equation in the special form:

0= R(X1,Xo)
() () (R (8) 8
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where —A is a n X n Z-matrix, B; is an n X m; nonnegative matrix, S; = B; Rj_j1 BJT

(S; = S;f) is a nonpositive matrix, ), is an n X n symmetric nonnegative matrix, I2;; is an

m; x m; negative definite matrix for j = 1,2 and X3, X3 are n x n unknown matrices.
The stabilizing solution of (1)) is defined in [10] as follows. A left-right stabilizing solution

2
AT - X181 —X15,
—S1X2 AT - X2SQ
for computing the stabilizing solution of is proposed in [I0]. Authors in [I] present a
study of the Nash equilibria on positive systems, described by the concept of deterministic
feedback Nash equilibrium and the concept of open loop Nash equilibrium. The linearized
Newton method (LNM) for computing the stabilizing solution of is introduced in [9].

X ~ .
( Xl ) of satisfies that the matrices A — S1.X7 — S9X5 and

are both stable. The Newton method under some conditions
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In this paper, we propose a decoupled modification of the linearized Newton method
(DMLNM) for computing the stabilizing nonnegative solution of (). Compared to LNM
iteration, the new iteration is more efficient because the algorithm needs less matrix com-
putations in the iterative process. Thus, it requires less CPU time for solving than LNM
and it is easy to construct a parallel version of DMLNM. Some numerical experiments are
provided to confirm the effectiveness of the DMLNM.

The notation R**? stands for s x ¢ real matrices. In this investigation we exploit the
properties of nonnegative matrices. A matrix A = (a;;) € R™*" is a nonnegative matrix
if the inequalities a;; > 0 are satisfied for all 1 <7 < m and 1 < j < n. We use an
elementwise order relation. The inequality P > Q(P > Q) for P = (p;;),Q = (¢ij) means
that pi; > qij(pi; > gi;) for all indexes 7 and j. A matrix A = (a;;) € R™" is said to be
a Z-matrix if it has nonpositive off-diagonal entries. Any Z-matrix A can be written in the
form A = al — N with N being a nonnegative matrix. Each M-matrix is a Z-matrix with
if @ > p(N), where p(N) is the spectral radius of N. It is called a nonsingular M-matrix if
a > p(N) and a singular M-matrix if a = p(N).

2 Iterative Methods

2.1 The Linearized Newton method (LINM)

The linearized Newton method (LNM) is numerically investigated by Baeva [2] and in-
troduced by C. Ma and H. Lu in [9]. Set Zy = 0, we compute matrix sequences {Y;} =

y: @ (i)
1(2.) } and {Z; = %i) } via following iterations
Yy A

Yirr(Wn + A= SZ;) = (vIon — D) Z; — Q (2)

(vIon + D = Y;115)Zip1 = Yigi (vIn — A) — Q, (3)

fori =0,1,2,... and v < 0, as sequence {Z;} converge to the solution K, when i converge
to the infinity. [9]

We consider the decoupled improvement modification of the linearized Newton method
by formulas

YOl + 4) = (v = AT+ 21981 + 2,950 21 — @ (4)
Vi (v + A) = (7L, — AT+ 2{0 81 + 20 85) 28" — @, (5)
(v + AN ZED =y B (1, — A+ 57 P 1 57,0 - @ (6)
(I, + AN ZED = v (1, — A+ 57, + 8,7, P) — Q. (7)

We provide an algorithm to apply iteration —:
Algorithm DMLNM.
1. Define the matrix coefficients A, S1 = 51,52 = S, Q1,Q2, I, = eye(n). Choose the

parameters vy and tol. Initialize the initial points ZZ.(O) =0,1=1,2.
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2. Compute T=inverse of (yI, + A).
3. For k=10, 1, ..., until HR(ka), Zék))H > tol we compute :

3.1. Compute f1=~I, — A"+ ka) S1+ Zék) S2.

3.2. Compute V;" = (f12% — Q)T and VP = (f1 2" — Q) T.

3.3. Compute f2 =~I, — A+ 51" + g2y

3.4. Compute ZF ™ =7/ (v\® 2 — Q1) and Z8" = 7/ (v{P f2 - Q).

3.4. Compute ||R(Z£k), Zék))H and increase the parameter k.

k)

4. Print 2%, Z{" End.

3 Numerical examples

We consider a two-players game and we apply iterative methods LNM - and Decoupled
Modification of the Linearized Newton Method (DMLNM) (4))-(7) on two numerical exam-
ples. We have compared via numerical experiments the Newton method and the ALIDI
method for computing the stabilizing solution of (I]). The matrix coefficients A4, B;, Q; and
R;; for ¢ = 1,2 are defined using the Matlab description. The numerical experiments are
constructed following the approach applied in [2].

Example 1. The matrix coefficients of are:

—-2.74 0.06 0.015 0.099 0.5938

A— 0.2 —-25 0.064 0.08 B, — 0.2985
0.004 0.15 —2.56 0.09 |’ ! 049 |~

0.14 0.12 0.21 —-2.57 0.98

28 0 0 0
020 0 0
By = 0 0 284 15 |~

0 0 15 13

Qr=eye(4,4)/2; Q1(1,1)=2.0; Q1(4,4)=1.5;

Q2 = 0.5 % Qq;

R11:—1.909;

R22 = —eye(4,4); R22(1,1)2—50; R22(4,4):—30;

We apply the above iterative methods for computing the stabilizing solution of
with the stop criteria HRZ-(ka),Zék))H < tol = 1.0e — 14, i = 1,2 and different values
of p. It takes the following values: v = —5,v = —3 and v = —1. Table 1 presents the
computational results for different values of ;1. The average CPU time (avCPU) is computed
for 100 runs for each value of v. The average number of iterations (avIt) is computed for
100 runs.
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The iterations require the same number of iteration steps while finding the stabilising
nonnegative solution of for big values of |y|. Yet, the conclusion is that the DMLNM
iteration is more effective than LNM method for the lower values of |7|.

Table 1. Experiments for Example 1.

LNM (2)-(3) | DMLNM (4)-(7)

~v | avlt | avCPU | avlt | avCPU
-5 | 40 0.0015s | 51 0.0017s
-3 24 0.0011s | 35 0.0011s
-1 21 0.0008s | 21 0.0007s

Example 2. The matrix coefficients are:
A=abs(randn(n))/99; s=max(abs(eig(A)))+2.95;
for i=1:n, A(i,i)=-(A(i,i))-s; end

By = zeros(n,1);  Bj(l)=abs(randn(1,1))/5;

By =eye(nn);  Ba(n,n)=n/3;  Bs(1,1)=n/5;
Qi=zeros(n,n);  Q1(1,1)=n/5;  Qi(nmn)=1.5;
Ru=-1;  Q2=0.76 Q1;

Ros=-eye(nmn);  Rgo(1,1)=-48;  Ra(n,n)=-28;

To make experiments, we use different values of n, i.e. n = 15 and n = 35. We have
500 runs for each value of n, and we calculate average values for iteration numbers ”avIt”
and computational time "avCPU”. The results are described in Table 2.

Table 2. Experiments for Example 2. v = —4

LNM (2)-(3) [ DMLNM (4)-(7)

n | avlt | avCPU | avlt | avCPU
1519 0.0017s | 9 0.0012s
35| 13.4 | 0.0124s | 17.6 | 0.0110s

Example 3. The matrix coefficients are:
A=abs(randn(n))/10; s=max(abs(eig(A)))+1.5;

for i=1:n, A(i,i)=-(A(i,i))-s; end

Bji=abs(randn(n,1))/6;

By=eye(n,n);  Bg(n,n)=n/5;  Ba(1,1)=n/10;  Bz(1,n)=randn/10;
Qi=zeros(n,n); @Q1(1,1)=n/5; Qi(n,n)=1/n;

Q2=0.25Q1; Ri1=-1.5;

Ryo=-eye(nn);  Rpa(1,1)=-57;  Raz(n,n)=-2T;

We change the dimension n: n = 15,35, 60, 80, 100. We have 100 runs for each value of
n with each method LNM and DMLNM. The results are described in Table 3.
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Table 3. Experiments for Example 3.

LNM (2)-(3) [ DMLNM (4)-(7)

n avlt \ avCPU | avlt \ av CPU
vy=-1.5

15 | 14.35 | 0.0026s | 14 0.0019s
35 | 24 0.0236s | 24 0.0147s
60 | 35.4 | 0.0744s | 34 0.0531s
80 | 44.2 | 0.1706s | 42 0.1196s
100 | 53 0.3352s | 49 0.2281s
v=-3
80 | 22 0.0924s | 21 0.0546s
100 | 26 0.1680s | 24.8 | 0.1052s

Example 4. The matrix coefficients are:
A=abs(randn(n))/50; s=max(abs(eig(A)))+3.25;

for i=1:n, A(i,i)=-(A(i,i))-s; end
Bj;=abs(randn(n,1))/10;

By=eye(n,n); Bz(n,n)=n/15;

@Q1=1.75eye(n,n); Q1(1n)=n/10;  Q1(n,1)=n/10;
Q2=0.85Q";

Ri1=-1.5;

Ros=-10eye(n,n); Raa(1,1)=-30; Ro2(n,n)=-19;

Table 4. Experiments for Example 4. v = —5

LNM (2)-(3) | DMLNM (4)-(7)

n | avlt | avCPU | avlt | av CPU
15 | 11 0.0023s | 11 0.0016s
35| 11 0.0107s | 11 0.0081s
60 | 12 0.0281s | 13 0.0251s
80 | 13 0.0520s | 14 0.0410s

We are executing this example for different values of n, and 100 runs are completed for
each value of n.
4 Conclusion

Results from experiments show that iteration DMLNM —([7]) is more effective than the
LNM.
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