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Abstract. Four iterations have investigated for computing the minimal non-
negative solution to the M-Riccati equation. Guan and Wang (A gen-
eralized ALI iteration method for nonsymmetric algebraic Riccati equations,
https://doi.org/10.1007 /s11075-023-01695-7) have proposed the GALI iteration. We
extended their proposition with two modifications. Here, we provide numerical ex-
periments to compare the new iterations with those considered by Guan and Wang.
On the basis of the experiments we derive conclusions for applicability of the compu-
tational schemes.
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1 Introduction

The equation
R(X):= XCX -XD—-AX+B=0. (1)

is investigated in [1], where D, B, C' and A are real matrices of dimensions m xm, mxn,nxm
A -
-B D
we can call equation R(X) = 0 the M-Riccati equation.

M-Riccati equation ([If) is well known and it arises from the game theory and more
specially from the investigation of the open-loop Nash linear quadratic differential game.
The solution of practical interest is the minimal nonnegative solution of .

There are many numerical methods up to now proposed for the minimal nonnegative
solution of with a nonsingular M-matrix.

An effective method called alternately linearized implicit iteration method (ALI) was
proposed in the literature. Many researches have extended and investigated different their
modifications.

The notation R**? stands for s x ¢ real matrices. In this investigation we exploit the
properties of nonnegative matrices. A matrix A = (a;;) € R™*" is a nonnegative matrix
if the inequalities a;; > 0 are satisfied for all 1 <7 < m and 1 < j < n. We use an
elementwise order relation. The inequality P > Q(P > Q) for P = (p;;), Q@ = (¢;;) means
that p;; > qij(pij > qi;) for all indexes 7 and j. A matrix A = (a;5) € R™" is said to be

and nxn, respectively. The block matrix K = ( > is an M-matrix. In this reason
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a Z-matrix if it has nonpositive off-diagonal entries. Any Z-matrix A can be written in the
form A = ol — N with N being a nonnegative matrix. Each M-matrix is a Z-matrix with
if a > p(N), where p(N) is the spectral radius of N. It is called a nonsingular M-matrix
if @ > p(N) and a singular M-matrix if & = p(N). The notation I means an unit n x n
matrix.

2 Preliminary iterations

It is well known a few iterative methods for computing the minimal nonnegative solution
of ([). The same subject is analyzed by Guan and Wang in the paper [2]. The MALI
and GALI iterative methods are commented and a convergence proof of GALI’s method is
presented. The notation max;(D);; means the maximal diagonal entries of the matrix D.

MALI :

Xo =0, 8=max;(D)i;,« = max;(A)y,

k=0,1,2,...: (2)
(B, + A — X4 C)Yi = X(BI, — D) + B

Xiv1(al, + D = CYy) = (al, — A)Yy + B.

GALI:
Xo=0, k=0,1,2,...:
Bk = maaci(D — CXk>m, Q. — maa:i(A — ch)zu (3)

(5kjn + A — X} C)Yk = Xk(ﬁkfn — D) + B
XkJrl(akIn + D — CYk) = (OzkIn — A)Yk + B.

Following our experience from [3, 4] and the achievements in [I] [5] we introduce the
next modified iterations:

MALI Modification (MMALI) :

Xo =0, 8=max;(D — C)y,a = maz;(A— C),

k=0,1,2,...: (4)
(Bl + A — X, C)Y;, = Xp(BL, — D) + B

Xit1(aly + D —CYy) = (ad,, — A)Yy + B.

Inverse free iteration (IFI) :

Xo =0, 8=max;(D — C),a = maz;(A—C),

k=0,1,2,...: (5)
(8L, + A)Y, = Xx(BL, — D+ CX)+ B

Xpi1(aln + D) = (al, — A+ YiC)Yy + B.
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Note that Inverse free iteration is a variant of the NALI algorithm with 5 = max;(D);
and o = max;(A);; proposed in [I]. The convergence proofs of MMALI and IFI are not
given here.

3 The Matlab realizations of the algorithms

The Algorithm MMALI
1.Introduction
1.1. Load matrix coefficients and a values of tol.
1.1. Take X0=zeros(n,n); I=eye(n,n); Res =1; «, and .
2. While Res > tol
2.A. Compute the next approximation:
A.1.7Z= p*I+A-X0*C;
A.2.Y0 = inv(Z)*(X0*(5*I-D)+B);
A.3.T= o*I+D-C*Y0;
A 4.X0=((«*I-A)*Y0+B)*inv(T);
2.B.Compute the stop criterion:
B.1.cX=X0*C*XO0;
B.2.aX=A*X0;
B.3.dX=X0*D;
B.4.RR= cX-aX-dX+B;
B.5.Res=norm(RR,inf)/(norm(cX,inf)+norm(aX,inf)+norm(dX,inf)+rB);
3.Stop if Res < tol otherwise go to 2.A.
4. X0 is a solution.

The Algorithm GALI
1.Introduction
1.1. Load matrix coefficients and a values of tol.
1.2. Take X0=zeros(n,n); I=eye(n,n); Res =1; «, and f.
1.3. ddk=diag(D); a= max(ddk); Ak=A
2. While Res > tol
2.A. Compute the next approximation:
Al. 7= o*I+Ak;
A.2. YO = inv(Z)*(X0*(a*I-D)+B);
A.3. Ak=A-Y0*C; dak=diag(Ak); f=max(dak);
A4, T= p*I + D - C*Y0;
A5, X0=((B*T-A)*Y0+B)*inv(T);
A.6. Dk=D-C*X0; ddk=diag(Dk); a= max(ddk);
2.B.Compute the stop criterion:
B.1.Ck=X0*C*X0;
B.2.Ak=A-X0*C;
B.3.RR= B-Ck-Ak*X0-X0*Dk;
B.4.Res=norm(RR,inf)/(norm(Ck,inf)+norm(A*X0,inf)+norm(X0*D,inf)+rB);
3.Stop if Res < tol otherwise go to 2.A.
4. X0 is a solution.
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4 Experiments

Experiments have done on Intel(R) Core (TM) i7-1065G7 CPU @ 1.30GHz 1.50 GHz X64-
based processor with Matlab R2020a.
Following [2], we apply the relative residual error (RES) defined by

[R(Xk) I

RES = .
[ XkCXklloo + [ Xk Dlloc + [AXk oo + 1Bl

In our computations the stop criterion is RES < tol = 1.0E — 6, It

Example 1. (Example 4.1 from [2] )
The matrix coefficients of are:

427 -2 11 3 4 5 -1
() e (aa) e (30) e (A0

Table 1 shows results from experiments for two values of tol. It means the number of
iterations while the stop criterion is satisfied.

Table 1. Experiments and results for Example 1.

Example 1, tol =1.0F — 6
Method It CPU It (Table 1,[2])

MALI 114 0.0011s 114
MMALI 78 0.0008s
GALI 74 0.0009s T4
IFI 150 0.0006s

Example 1, tol = 1.0E — 16

MALI 535  0.0064s
MMALI 366 0.0035s
GALI 344 0.0039s
IFI 704 0.0028s

Example 2. (Example 4.3 from [2] ) The matrix coefficients are A = (a;5), D = A, and
B=C=1I,.
aii:Q., izl,...,n,

A= ai,i+1:—1, i=1,...,n—1,

ap1 = —1.
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Table 2. Experiments and results for Example 2.

Example 2 , tol =1.0F — 6

n Method It CPU Res It (Table 3,[2])
50 MALI 500 0.087s 9.980030E — 07 500
MMALI 250 0.043s 9.980030F — 07

GALI 432 0.0872s  9.9985E — 07 432
IFI 497 0.0386s  9.967E — 07

100 MALI 500 0.4817s  9.980030F — 07 500
MMALI 250 0.2831s  9.980030E — 07
GALI 433 0.3705s  9.9731E — 07 433
IFI 497  0.18s 9.967F — 07

200 MALI 500 1.892s 9.980030E — 07 500
MMALI 250 0.972s 9.980030E — 07
GALI 433  2.032s 9.9802E — 07 433
IFI 497 1.1211s  9.967E — 07

500 MALI 500 21.9180s 9.980030EL — 07 500
MMALI 250 10.9328s 9.980030E — 07
GALI 433  24.5539s  9.9831E — 07 433
IFI 497 18.1255s 9.967E — 07

Example 3. (Example 4.4 from [2] ) The matrix coefficients are A = (a;;), D = (di5),
and B = (b,‘j),c = (Cij),.

aii:?)., d11:2.,
i=1,....,n—1, di = 3.,
ann = 1.9, 1=2,...,n,
A= aii+1=—1, D= dijiv1 = —1,
i=1,....,n—1, i=1,....,n—1,
Qn,1 = _17 dn,l = _17
L a;j =0, otherwise. d;; = 0, otherwise.
b1 = 1.
1‘1 ’ Cii:1.,
1=1,....,n—1, )
b — 0.9 1=1,...,n,
B— nn — Y.J, C = Ci+1,i:1,
biit1 =1, )
: 1=1,...,n—1,
1=1,...,n—1, )
) L ¢i,j =0, otherwise.
bij =0, otherwise.
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Table 3. Experiments for Example 3.

Example 3 , tol =1.0F — 6

n Method It CPU Res It (Table 4,]2])

50 MALI 448  0.081s 9.980615E — 07 448
MMALI 299 0.0548  9.957056E — 07
GALI 379 0.0761s  9.9511FE — 07 379
IFT 571  0.045s 9.975FE — 07

100 MALI 458 0.5560s  9.9379764E — 07 458
MMALI 306 0.2556s  9.935663E — 07
GALI 387 0.3935s  9.9962F — 07 387
IFT 585 0.2744s  9.968E — 07

200 MALI 461 1.7326s  9.977366LF — 07 461
MMALI 307 1.0657s  9.999114F — 07
GALI 390 1.6263s  9.9769FE — 07 390
IFI 589 1.30s 9.982F — 07

500 MALI 462  20.6590s 9.980124FE — 07 462
MMALI 308 11.4022s 9.980124E — 07
GALI 391 17.8654s 9.9747E — 07 391
IF1 590 32.6978s 9.976F — O07E — 07

5 Conclusion

The main conclusion is there are different effective iterative methods for computing the
nonnegative minimal solution of the M-Riccati equation R(X) = 0. A convergence proof
of MALI Modification has to be derived. However, the numerical behaviour of MALI
Modification confirms his advantages and more specially for the big size values of n.
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